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Introduction 


f 3 . 

We are pleated to introduce this book to *how the phiotophy on which the academic content 
has been prepared. Ihtt philosophy aims at: 

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other 

2 Providing learners with the data, concepts, and plans to solve problems 

3 Consolidate the national criter i a and the educational levels in Egypt through: 

A) Determining what the learner should leam and why. 

B) Determining the learning outcomes accurately Outcomes have seriously focused on the fol¬ 
lowing: learning Math remains an endless objective that the learner* do their best lu learn it all 
their lifetime Learners should like to leam Math. Learners are to be able to work individually 
or in teamwork learners should be active, patient, assiduous and innovative Learners should 
finally be able to communicate mathematically 

4 Suggesting new methodologies (or teaching through ‘teacher guide), 

5 Suggesting various activities that suit the* < unlrnfl to help thr Iramrr chcxnr thr most |wtiprr ac tivi- 
ties for hirrvher 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 

In the light of what previously mentioned, the following details have been considered: 

* Thr* ImxA contain* three* ikwnainv algebra, relation* and fumlionv, calculus and tngnrmmrlry The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
div ided into lessons where each lesson shows the objective of learning it through (he title You will 
learn. Each lesson starts with the main idea of the lesson content It is taken into consideration 
to introduce the content gradually from easy to hard The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students dif 
recent abilities, consider the mdrviduaJ differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic Furthermore, this book contains some issues related to the surrounding environment 

and how to deal with. 

* Each lesson contains examples start wig gradually from easy to hard and containing various levels 
of thoughts accompanwd with some exercises titled Try to solve. Each lesson ends wi Exercises 
that contain various problems related to the concepts and skills that the students learned through 

the lesson 

A Each unit ends in Unit summary contawviryg the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 

learned through the unit. 

* Each unit ends in an Accumulative test to measure some necessary skills to be gamed to fulfill the 
learning outcome of the unit. 

A The book ends in General exams inclucfcng some concepts and ski lb, which the student learned 
throughout the term 

Last but not least. We wish we had done our best to accomplish this work for the 
benefits of our dear youngsters and our dearest Egy pt. 
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Fibonacci <1170 • 1250 ) 

I ihonacci was burn in ptsa in Ilaly lie ongmaUy delivered hi* education in Maghreb ( ounlncs.lie 
tun! brought i hr Arab number* and algebraic exponent* used t«f> Inday Furthermore, he had introduced 
and identified Ihc accounting system* In Furopcan* These system* had grcalefy exceeded the Roman 
system* which had been w iddy *|vcadcd nn tlui lime in I urnpc lie hail been best known for a problem 
that lead* u* to the following number sequence which ha* been named after him up to dale Hu* 

«pmii:(l,UUini2l liAn. 144 , > 

It is noticed lhal each number Planing with (he thud number is the sum of the two numbers preceding 
directly to it The role of this sequence is identified as follows: 

T t ^ 2 - T B ♦ T # ^, for each n € JP 

Fibonacci* number* had been used t<w anuly/mg (he financial nutlets and (he computer algorithms such as 
l ibimacci technology hn searching ami structuring (he overstock of I ikmaccT* data ll dearly appears m the 
biological onto such a* branching of tiers, ordenttg of leases on (he *icm and the order of die pine cone 


(^) Unit objectives 

B> the end of thK unit and dotug a« thr arlMtln 
IndBihi thr Undent doald tie able (• : 

Identify (be concept of (he sequence 
Distinguish between (he sequence and the 
series. 

Identify (he arithmetic sequence 

Deduce the general term of an arithmetic 

sequence in different forms . 

* Find (he arithmetic mean of an arithmetic 

sequence. 

Identify (he finite and infinite series 
Find the sum of a I mite number of the terms of 
an arithmetic sequence m different form. 
Identify the geometric sequence 

* Induce the general term of the geometric 

sequence 

- Find the geometric mean of a geometric 
sequence. 


* Deduce the relation between the arithmetic 
mean and the geometric mean of two different 
positive numbers . 

Find the sum of a finite number of the terms of 
a geometric sequence in different forms. 

& Find the sum of an infinite number of the term* 
of a geometric sequence 
c Find the sum of an infinite geometric senes. 
Convert the recurring decimal into a common 
fraction 

* Function the arithmetic and eecnnetne 
sequence* to interpret some life problems such 
as overpopulation 

Solve life applications on series. 

Use the calculators to solve math and life 
problems using the sequences and scries. 
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Key terms 


4 

: function 
! Term 

t finite Sequence 
s Infinite Sequence 
: Increasing Sequence 
: IXxreasing Sequence 
I Series 


: Sumnuiinti Notation 
: Anifimcl* Sequence 
: < ommon Difference 
; Aridimctic Mean* 

: Anttimdic Series 
: Cscncnethc Sequence 
f < ommon Rabo 


: (iecvnetnc Means 
: ftenmelnc Scries 
t Infinite (ieocnetnc Scries 
: Infinity 



Lessons off the unit 


I o* *n (I - 1 > 
I rwm(l - 2) 


Sequences 

Senes and MimmatHwi nutation 


I o*m (1 D Arthmct ic sequences. 
Lcwm (I - 4>: Artftimctic senes. 


I on* < I - 5): (ieometne sequences 
I o**«H I 6): Cietvnctnc series 


r] m | Materials 


Soctitifk calcul.it of (iraphicv 



Unit planning guide 


S«qu»nc*s 
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Unit One 




$sqp©B 3 $s 



You will kam 

» OeftniCion of sequence 

• Finite andinftnrte se¬ 
quence. 

• n* term orf asequence 
► increasing and dtcrcav 

esq sequence 


Pt K*y- 


terms 


> Sequence 

► Finite Sequence 

» toftnee Sequence 


> increasing Sequence 
» Oecreesng Sequence 
* Constant Sequence 


Matrials 


* Scientific Caftcuiitor 

* Graphic programs 


Introduction: 

You have previously learned ihe patterns such as ( 1, 3. 5. 7. „.) and 
learned that the pattern is an order of a set ol real numbers. In this unit, 
we are going to shed light on some of then* patterns and learn them 
more deeply. 


Think and discuss 


I ram the follow ing pattern, then answer the questions: (1.4,7.10....) 
1) Wh,u is the relation between each term and 
the term next to il? 



2) Can you find the next two terms of the pattern? 

3) Can you find the ninth term of this pattern. 
(don't try to luid the previous terms)? 



The function k a 
relation between die 

two HU X ltd S W 

a*M 

him ram fimifiii ov 
X appears as a first 
project toil onh one time 
In a limited ordered 
pain of the rriattofi. 


The sequence is a luikTion whose 
domain is the MCI of (he positive integers 
7/ or a subset or it and Us range is a set 
of the real numbers R where the find 
term is denoted by T,. the second term 
i» denoted by T r and the third term is 
denoted by and son on.... and the ii* 
term t* denoted by T n the sequence cun 
be expressed by writing down its terms 
betw ccn two brackets as follow s: 


(Tj ♦ T 2 .Tj . Tj 

or denoted by the symbol (TJ. 



(11 Terms ot a uqanKt 
arr the dements of the 
sequence domain. 

(2) The symbol (T^l 
expresses (be seqnetftte 
s* title the ssmbol T # 
expresses Ms m tk term. 
i3| The mqnenrr Is 
subjected to Uie order 
oT Ms elements while 
the set Is not subjected 
lo the order of Its 

l4l The etemeiits of the 


Dcfmiiion: 

Finite and Infinite Sequences 


«H don not recur «Mk 
Ik dtmnili of Ih* 
t^WKt nil recur. 


The sequence is finite if the number of its terms is finite (i.e. can In* 


counted) the sequence is infinite if the numbei of its terms is infinite 
(an infinite number of elements) 
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Sequences 


1-1 


Example 

1 Write down each of the seifictx.es whose n* tenn is given by the rclatxw: 

• T, * r - | (to five terms starting with first term> 

b r s _Li£_ (to an infinite number of terms starting with first termi 

2n + i 

O Solution 

• letn = I thenT, =(l)*- I *0 
letn = 3 thcnT 1 *(3) 2 -l =8 
let n ■ 5 then T s * (5- I ■ 24 

the sequence is: tO, 3, 8. 15.24) 


let n = 2 then T, = <2> 2 -1=3, 
let n = 4 then T 4 = (4)2- 1 = 15. 


let n = I then T, = (l) ' 

1 2*1*1 3 


let n = 3 then T, = 


let n = 5 then T, = 


(-I) 3 _ J 


2 » 3 ♦ I 1 
( I)* _ 2I 

2*5*1 


let n = 2 then T 2 = I = 5 

let n *4 «^nT 4 = I ^4r=| ’ 


.X 


The set|uenee is: (-|, ~j- , y, j- , ( [ . ) the sequence in this case is called an alternating 

sequence <i.c. a term of its terms is positive and the other is negative or vice versa). 


Q Try to solve 

X Write d»>wn each of the sequences whose n* term is given by the relatxm 
• T b = I ♦ —2— <lo an infinite number ol terms starting with first term) 

vTjT 

b T, = sin ^ (lo five terms starting w ith first lerm) 


General Term of a Sequence 

The general term of a sequence (it is sometimes called n lh term) is written as T n where T, is the 
image of the element whose order is n and can be found sometimes through the given terms of 
the sequence by realizing the relation between the value and order ol the term. 

For example: 

> The general term of the sequence of even numbers: (2. 4. 6, 8. is T, = 2 n 

> The general term of the sequence of odd numbers:! 1, 3 . 5, 7....) rs T n = 2 n -1 

> The general term of the sequence:! . y, -£■,_) is = i_lL 

^ Example 

2 Write down the first five terms and the general term of the sequence (T„) which is defined 
as follows: 

T, * 2 and T # # , * 2 T, where n > I 
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-\Unrt orai Sequences and sent* 


I 


^ Solution 

by substituting ihc vahic of n = 1.2.3.4.5 in Ihc relation T n 4 , ■ 2 T r 


o 


hint a 


let n ■ 1 Tj■ 2 T, i.e.:T, = 2*2 = 4 = 2 : <by substituting T, «2) mi now mcs m ihr 


let n = 2 T, * 2 T, i.e.: T 4 * 2 * 4 = 8 a 2' (by substituting T, * 4) norntw-rs 
kt n = 3 T 4 = 2 T, L*.:T 4 «2 *8. 16= 2*(byiab«dMa*T,-t) 
kt n = 4 T< = 2 T 4 ix*: T, = 2» 16 = 32 = 2 5 (by substituting T 4 = 16) 

The first five terms of the sequence are: (2.4,8, 16,32) 

The general term of the sequence (T ft ) »*: T # = 2" 

Think; 

1 - How can y«Hi check ihc solution above? 


Ihr 

> 


H Try to solvo 

(ly Wntc down ihc lust six terms of ihc sequence (T n ) w here: T B # , = T B 4 , ♦ T B where n > 1, 
T, = 2 and T 2 = 3 


Increasing and Decreasing Sequences 

Check the following sequences: 

1 ) (- 5 . • 1 . 3 . 7 . II, 15 . __) (What do you notice?) 

2) (4,2, l.i.i.i. -) (What do you notice?) 

2 4 X v 

> In the first sequence: • I > - 5 i.c. T, > T,, 3 > • I i.c. T, > T : and soon for ihc 
rot of (he terms I.c. each term of the sequence is greaiei than the directly previous term 


> In the second sequence: 2 <4 i.c. Tj<T,. I <2 i.e. T, < T, and «>on Lc. each 
term ot the sequence is lesser than the directly previous term. 


Definition: 

> The sequence <T n ) is called increasing if T, 4 , >T, 

> The sequence (T„) is called decreasing if T B ,, <T. 


Cxampl« 


HO 

Constant sequence : 
Thr shholc Irrm of Ihr 
teq tamer err equal. Le.: 
T r > I. M nus br ftnfttr 


3 Shew which of the sequences (T n ) is in increasing , decreasing or otherwise. 


• T *2n + 3 b T *_!— 

* * 3a I 


c 


(-If 

2n 


♦ 4 
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Sequences 


1-1 


y 


Solution 

• Find T. 




its follows: 


'*♦ l 


2(n + I) 3 = 2n ♦ 5 


Kind the result of: T„», • T„: 


T,,, * T„ = <2n + 5) • (2n ♦ 3) = 2 > 0 
T B . i > Ti ,jC ihc sequence is increasing for all the values of n 


b Kind T„ # ,as follows: 


T..,= 


I 


3<n ♦ 1)- 1 Jn ♦ 2 


Kind the result of: T,,, • T„: 


T x __l_ | _ 3m I 3n 2 

" 3n*2 3n I <3n*2)(3n I) 


<0 


(3n ♦ 2)<3n I) 

T, 4 , < T, it. ihc sequence is decreasing lor all the values of n 

ex . T s . L!£ - IJZll. + iilffl!. 

■ 2<n ♦ I) 2n 2 (ntl) 2n 

' ’ 2 (n+l) 2n 1 ' ' 1 2n(n+l) 1 

sf.ljP * 1 I I 

|,J 2a(n ♦ I) 

This expression is positive when n is an odd number and negative when n is an even number 
i.e. the sequence is neither increasing nor decreasing. 

| Try to solvo 




v Jy Show which of the sequences (T B ) is increasing. decreasing or otherwise. 


* T .*t* 3 


T.-4)* e T «(-2y 

* 


WZ Kxtccittt (1 • 1) Z«9 

Complete: 

J y The sequence is a function whose domain is or 

(ly The seventh term of the sequence (T B > w here T t = 2 n : ♦ 3 is 

(j) The fourth term of the sequence <T B ) where T B = is 

(4) In ihc sequence (T B ) where T B t , = n T n . n >1 if T, = I then T, = 

(s) In ihc sequence (T B ) where T B = 3n : - I if T B = 74. then n - 

(fy The n 1 * 1 lerm of the sequence (1. 8. 27, 64. .) is 

(?) The n" 1 of the sequence (• 1,4, - 9, 16, ) is 
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■\Ontt on*: Sequences and senes 


J 


Complete the rollowing using: >, < or = 

8 The sequence is decreasing if: T B ^, T B for each n > I 

[% The sequence is constant if: T B + , T B for each n > I 

Jg The sequence is increasing if: T >+ , T # for each n > I 

Choosr the correct answer: 

The sequence whose n lh term is T n * -1 where n € Z* represents: 

• Increasing sequence h Decreasing sequence 

c Constant sequence d Alternating sequence 

££ The general term of the sequence ((2 * 3), (3 * 4). (4 * 5). (3 * 6). .)is 

• (n-lxn + h b ntn-fl) c 2n(n+l) d <n+lKn*2 ) 

Answer the following questions: 

1^ Show whether each ol the lollowing sequences is finite or infinte: 

• (I. 4. 7. II. ) 

b (3. 5. 7. 9. . 21) 

c The sequence (T B ) w here T„ » n : - I . n € Z* 

d The sequence (T) where T * — ♦ 3 , ne{l.2.3.4.5) 

H Wnlc the first live terms tor each of the lollowing sequences whose general term is given by 
the following rules: 

• » T.-J-L- . T.-.X, 

0 T,*sir(i») » T,.(- l)'(l-2( ! • T,.iJ£ 

Write down the general term for each of the following sequences: 

• (2. 5. 8. II. ) 6 ( 2* V 4’ 5* J 

• <»• *•»•«♦• > " <'• To-Too-Two• > 

• (-1.2.-4.I.-16, ) t (cos^. . cosff. cos^f. ) 

it Show whether each of the sequences (T B ) is increasing . decreasing or otherwise in each of 
the following: 

• T. = 3n ♦ 5 b T = - 1 - ♦ 2 

■ ■ n 

« T b = <-J-V' d T,«<-Ip <■*♦!) 
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Sequences 


1-1 


\ 


17! Sports Kareem docs physical fitness exercises for H minutes in the first day and increases 
the ttainmg period for two minutes daily. 

• Write the lust five terms ol this sequence, 
b Find the general term of this sequence, 
c How k«g does kareem take in the seventh day? 
d In w hich day does kareem lake hall an hour'’ Explain. 


J8 Discover the error 

• Each function w hose domain is Z is a sequence 

b Each function whose domain is {0, 1, 2. 3. 4. .} is an infinite sequence, 
e In the sequence (T # ) where T # = n : then T B > T # ^, 


H Creative thinking: In the sequence (TJ if T, * 9 . T x = 36 and T b ^, = T n +• n r, lind the 
value of m. 


Activity 


1- If (T b ) is a sequence whose terms are ( I. 1. 2 . 3. 5. 8 . 13 . k 

• Study the pattern of the sequence . then find the eighth and ninth terms, 
b Represent the first nine terms of the sequence graphically, 
c Do we consider such a sequence increasing . decreasing or otherw ise ’ Explain, 
d Write down the relation between the terms ol this sequence. 
d For more information abi tit tibonaccis sequence, log in (www^ojirwcon Mxmskci) . 
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Unit One 


1 -2 


You will team 

> The concept of verie* 


» inrfinftt i+vtts 
* AJgefcr** properties of 


Key * terms 


\ 


ffii qfbSTftfl<?inn 


In our dail> language, we use the two expressions; sequence and senes as 
two equivalent words. Although those two words are cone bled meaning 
fully, there is a mathematical difference between them. The sequence is 
an ordered list of numbers whereas the senes is the sum ol terms ol the 
sequence. 

For example: (2.5, 8. II. )isa sequence while 2 +5 + 8 ♦ If ♦ is 
the series correlated with the previous sequence. The summation notation 
can be used for writing the series in short forms and can be read as 



LMtrn 


Finite Series 

It is written in the form: T, + T, + T, + + T, + ... + T B 

where n is a positive integer. T # is the terms whose order is n in 

the senes and the numcncal value of the finite series is called 

the sum of the terms of the corresponding sequence. 

The finite series; a, ♦ a, ♦ a, ♦ ... ♦ a, ♦ a R can be written in 
n 

the form L (a.) and read as the sum of a ftumrs l u>r = n 
r = I 


Mat rials 


I Ur • 


■- r 


•«h»4r 




tsamph 

1 f.vpand each of the following scries, then find the expansion sum. 


«> Z (2r -1) 
r» 1 


• i (J-.-L) 

r = I r»I r 


• t <r) 

>=| 

O Solution 

• r (r)= I J + 2 z + 3 2 + 4 2 = I+4 + 9+16 = 30 

r= 1 

b Z <2r -1) = (2* I -1) + (2*2 -1) + (2*3 - l)+(2*4 -1) 

r = I 

♦ (2*5-l)-f(2*6-l) + (2*7-l) 

= l+3 + 5 + 7 + 9+ll + l3 = 49 

t <^---|->*(2 | ) + ( 3 * 2 ) + ( 4 * 3 )+ 


1 t* I 


n ♦ I 


■ 1 ♦A.l + l.l + + _!-L 

2 324 3 n • I n 

= _!_ . 1 = I - ■ ~ I - n 

n i n ♦ I n * I 
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Series amd summation notation 

- \ _ 

Q Try to ootvo 

CO Write down the series in the fomt of an expansion . then find its sum: 

• T (!♦!*) * I (3r + 2) c £ ( « ._JL_) 

r= I r=I r= I r*2 r*I 


Infinite Series 

The terms of the infinite senes cannot be counted . For example the senes: 

* i 

-3+ 9-27 +HI-243+ can be written in the form of £ (-3) . The symbol * is used 

r s I 

to express infinity 

(^) Example 

2 Use the summation notation £ to write down the senes: 2«3 + }«4 + 4*5 + 

^ Solution 

v The general term of the sequence is: T « (r ♦ I) (r + 2) where r € Z* 

.*.2 *3+3*4+4*5+ = I (r + l)(r + 2) 

r = I 

Q Try to eolvo 

Cly Use the summation notation £ to write down the senes: 

Ix2»3+3*4»J+5*6*7+ 


Algebraic Properties of Summation 

1 - If (T ( ) and <E ( ) ate two sequences, n t Z* and C e R. then: 


• £ C = Cn 

r = I 

n n n 

e £ (T, ± E.) « £ T, ± £ E, 

r»l ' ^ r* I 1 r«I ^ 


n 


•> £ cT = c £ T t 

r = I 1 r = I f 


2- £ r = ^ 

r= I 2 


£ gi _ ma ♦ lM2n ♦ li 
r = I " 6 


C£) Example 

_ 4 

J Find in two different methods E (3 - 2r ♦ r) 

r * 1 

O Solution 

1' Method | (direct substitutionl 

E (3-2r + r i ) = (3-2* I + I 2 ) + (3-2*2 + 22) + (3-2*3 + 32) ♦ (3-2*4 + 4 2 ) 
r = I 

= 2 + 3 + 6+ II =22 
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\OnH one: Sequence* and series 


r 


2- Method 2 (using algebraic properties of summation) 

I <3-2r + r) = L 3 -2 I r ♦ L r 2 
r = I i=l r =1 r=1 

2 ft 

2 ft 

= 12-20 + 30 = 22 

Using the Scientific C alculator to Kind the Sum of a Series 

> Press (he summation notation button £ acceding lo the specific color . 

> Write the rule of the sequence (3 - 2r + r) as follows: 

CD CD CD CD W CD CD <*> ® 

> Use the button (wiay) to move as follows: 

> Upward, write 4 and downw ard, wnlc I 

> Press the button = to give the sum 22 on the screen 

Q Try to Mho _ 

3^ Find in two methods: £ (2r - 3r ♦ 5) known that: 
r= I 

£ r _ a(o♦ I) and £ r 2_ n(n*l)(2n*l) 
r =I 2 r= I 6 

9 -<’•*> 9 

i Orapkie 

• The series: 5 + It) + 15 + 20 ♦ + 50 is written using the summation notation m the 

form of 




b The senes: 7*l+7*2+7*3+ +7* 20 is written using the summation notation in 
the form of 

c The series: ♦ - -1 + is written using the summation notation in the form of 
2 4 K Ift 

d The series: 9 + 99 + 999 + 9999 + to n terms ts written using the summation notation 
in the form of 


2' Wntc down the following senes using the summation notation: 

• I+2 + 3 + 4 + 5+ +20 d 2 + 4 + 6 + 8 + 10 + 

e 3 + 6 + 9+ 12 + 15+ 18 + 21 d 2+l+i+|+£+ 

* I+4 + 9+I6* -» S + lo + i5*i* 


♦ 60 


+ 


50 
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Series amd summation notation 


1-2 


f 


J Expand each of the following series: 

• I <3r-2> 
r = I 


r«I' 2 ' 


H r 

b I ((• I) +40 
r = I 

d Sf-L-JL-) 

r ■I r r*l 


( 4 ) If you know that £ r* l¥n ^ l) and I r = Wl> * 1 K2n>l » UM . (hc ol lhc 

r = I 2 r = I 6 

summation notation £ to find the value for each of the following: 

12 x 

• I 2<r♦ 5) h I <2r-3r> 
r»H r■5 

S Discover the trror. 


• The senes is a function whose domain is the set of the positive integers or a subset of it 

b £ (2r ♦ I) = I+3+5+7+9 
r = 0 

fc Mining: \ gold mine produced 42t*t kg of gold in the first year and the pritluciion is 
decreased at a rate of 10 9 yearly id the directly previous year. 

> Use the summation iKdalion to write the sum of production of the gold mine during the 
first five years, then find this sum 


Sj Geometry: The figure opposite represents an equilateral tnanglc 
whose side length is 32cm. Its sides are bisected and the interior 
tnanglc is drawn and this pattern lasts interiorly till we get three 
triangles including the first triangle 
• Write down the series of the triangle perimeters using the 
summation notation. 

b find the sum of all the triangle perimeters in centimetres 



1 «• 


32 cm 


•' Technology: Karccm has electronically mailed a message for three friends, then each friend 
has e-mailed the same message to other three fitends and 
so on .. t mailing the messages lasts the same pattern 
(known that each person has received the message oncel 
• Write dow n the series using the summation notation 
b How many persons do they receive the message in 
the fifth stage? 

c find the sum of all persons who will share this 
message till the filth stage. 
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Unit One 


1 - 3 


\ 


S©ptHlD(3$ 


You will leam 

» Definition the arithmetic 
tequtnc* 

> The graphic*! r«peerv 
tat on of the arithmetic 
sequence. 

• rV* term of the arithme¬ 
tic sequence 

» identity the arithmetic 
sequence 

» Definition of the anth 


i Insert a finite nurhber 


between two number* 

Key - term 

• A/fthematic Sequence 
» n* Term 

» Commen Difference 
» Order of a Term 


MatriaU 


> SaenO^c Calculator 
i Graphic programs 


Dnaa hu\ started in read a novel On the 
lir\l day. she read 10 pages, on second 
day , she read IS pages, on ihc third 
day. she read 20 pages and she kept 
reading in this pattern The sequence 
of the number of the pages read on 
each day i*:(IO, 15 , 20, 25, ~») 


/ 



What do you notice in this sequence? 

Arithematic Sequence 

The arithmetic sequence is ihc sequence in which the difference 
between a term and Ihc directly previous term to it equals a 
constant and it is called the common difference of the sequence 
it is denoted by the symbol (d) 
i.e.: d = T B 4 - T, for each n e Z* 


(^) Example 


:o 


1 Which of the li>llowing is an 
arithmetic sequence? why ? 

• (7. 10, 13, 16, 19) 
b (27 , 23, 19, 15, II.) 

c (i 1 1 1 i) 

'2 • 3 • 4 * 5 • 6 1 


I 

The vequmc* b called 
a harmonic vrqumce 
If the ndprocak of 
lb term form an 
arithmetic sequence 
vuch as the sequence 

1 i 

$'T f 


-I 


^ Solution 

a 


•Tj-T, = 10-7 = 3 


T,-T : = 13-10 = 3, 
.\T a -T, =Tj-Tj=T 4 -Tj = Tj-T 4 =3 
The sequence is arithmetic and its common difference 


b vTj-T,*23 - 27*«4 


T, - T,» 19-23 = -4. 


.‘.Tj-T, *T,-Tj*T 4 -T,»T s -T 4 *-4 


The sequence is arithmetic and its common difference 

*» 2 4 3 12 


= - 4 


c • * T . T =1.1 = .1 
■26 


I I *t,-t 2 

The sequence is not arithmetic 
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Arithmetic Sequence 


\ 


1-3 

_ / 


Q Try to sotvo 

(i) Which of the following is on arithmetic sequence ? w hy 

• (38.33, 28.23,18,...) b (. 14. -8.-2, 4, 10) c (23, 28. 33. 38,42) 

^ Exomplo 

2 Show w hich of the follow ing sequences whose n** 1 term is given by the follow ing relations is 
anthmetK, then find its common dilTerence in ease it is anthmetK 

• T. = 2n ♦ 3 b T * — ♦ 2 

■ • n 

^ Solution 

• *•’ T, 4 , -T a * (2 (a ♦ I) ♦ 3) - (2 a ♦ 3) * 2n ♦ 2 ♦ 3 - 2a - 3 * 2 
.*. Th sequence is arithmetic and its common difference is 2 


b 


i ♦ i “ 




- _3_3. - 3n in 3 - -3 

■ ♦1 ■ ■(■•)) i(«*l) 


doesnot equal to a constant. 


The sequence is nol arithemtic. 

| Try to ootvo 


Show which of the following sequences whose n* term is given by the following relations is 
anthmetK:. then find its common difference in case it is anthmetK 
• T„ = 5-3n b T i = (n+I) 1 

Graphical representation of an arithematic 
sequence 

^ Example 

J Find the next four terms of the arithmetic sequence 
(10, 7, 4. ). then represent the seven terms 

graphically. 

^ Solution 

v d * Tj - T, * 7 - 10 ■ -3 
the next lour terms arc: I. - 2, - 5. - 8 

the domain of the sequence »{I,2,3.4,S,6.7, ) 

The range of the sequences! 10. 7.4.1. -2, *5,*8 .....) 

11k opposite figure shows the graphical 
representation of the sequence. 

From the Figure opposite , we notice that: 

> The points that represent the terms of the arithmetic sequence arc collincar. 



Al Antvaaf Pooling House 


Student book - Second term 


15 




































r 


This means that (he arithmetic sequence is a (unction ol the lust degree in n where n € Z* 
and the cocHicicnt ol n is the common difference of the sequence. 

From (he previous. He deduce that: 

> The relation between the two variable* n and T # is T n = d n + b where b and d arc two 
constants and d is the common difference of the sequence . 

> The sequence is increasing if d > 0. and is decreasing if d < 0 
l sing the scientific calulator to write the arithmetic sequence: 

To wnle the arithmetic sequence in which < a = 10 and d = - 3) we do as follows: 

> We write the value of a (10) then press - j and pul the value of d by pressing iKgiS 

- then < 3 ) and press . to give the second term of the sequence. By /MMy 
repealing the process of pressing • the next terms arc given and so on 

El Try to solvo 

^3 y In the sequence <T # ) w here T t ■ 3n - 5: 

• Prove that (T„) is an arithmetic sequence and find its common dillcrcncc 
b Show that this sequence is increasing. 

c Find the fifteenth term of the sequence, d What's the value of n if T # * H5 ? 

The n 1 ** Term of the arithmetic sequence 

From difinitton (I) the n* term of the anthmctic sequence <T a ) whose first term is a and common 
difference is d can be deduced as follows: 

T, * a . T, = a + d and T, = a + 2 d and by keeping this pattern, we lind that the n* term ol this 
sequence is: 

I T, * a ♦ (n -l)d and ifT„ =/ (where f is the last term, then f = a + (n-1) d 

^ Eiampl* 

4 In the anthmctic sequence (13. 16. 19. .. 100) 

• Find the tenth term. b Find the number ol the terms ol the sequence. 

^ Solution 

V The sequence is arithmetic a ■ 13. d = 16-13 = 3 


• vT a = a + (n-l)d 


\T, 0 ■ 13 + (10- 1)« 3 
= 13 + 9x3=13 +27 = 40 


b The required is to find the value of n when ( - 100 


vT, = a + (n- l)d 
,\ 100= 13 + 3n-3 


100= 13 + in - I) x 3 

Le.: 3n= loo- 10 = 90 .*. n = 30 
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Arithmetic Sequence 


1-3 


/ 


\ 

13 Try to Mlv* 

(4, Find the number of the terms of the arithmetic sequence (7 , 9 . II 
the value of the tenth term from the end. 


65) then find 


Identifying the Arithmetic Sequence 

The arithmetic sequence can be identified when its first and common difference are know n. 


Example 

5 II the seventh and lillccnth terms of an arithmetic sequence are IX and 34 respectively, lind 
the common difference and the first term then find the n* term of this sequence. 


^ Solution 


T 7 = IX.T, 5 = 34 from the given data 

vT # = i + (n- I)d 
a ♦ fid * 18 , a + I4d = 34 


Xd a Ifi 
d = 2 

a ♦ 6 « 2 s IX 
•\ a * IX - 12 ■ 6 


by subtracting the two equations 
By dividing by 8 
by substituting in equation I 


To lind the n lh term . substitute in the rule: T a = a (n - 1) d about the two values of a and d 
T„ = 6 ♦ (n - l)*2 = fi+2n-2 = 2n + 4 

The first tcim equals 6 the common dilletcnce equals 2 and the n* letm is 2n ♦ 4 


Q Try to mIvo 

Find the arithmetic sequence whone sixth term = 17 and the sum of its third and tenth terms = 37. 

Arithmtic means 

When there are two non-consecutive terms in an arithmetic sequence, then all the terms lying 
between those two terms arc called arithmetic means. This concept can be used to lind the 
nuvsing terms between those two terms in the arithmetic sequence 



If a . b and c are three consecutive terms in an arithmetic sequence, then b is called the 
anthmetk mean between the two terms a and c w here b- a = c-b. 

i.e.:2b = avc thenb®^ 1 So: (a. ^.cj is an arithmetic sequence, 
several anthmetk means: . * a can be inserted between the two numbers a and 

b in a way that the numbers : (a .jt, . , jr a . bi form an arithmetic sequence. 


Verbal expression: What is the relation between the number of the arithmetic means and the 
number of the terms of the sequence involving such means? 
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Inserting a Finite Number of Arithmetic Means Between Two Numbers 

Example 

b Insert 5 arithmetic means between 6 and 4X 

^ Solution 

1 - Find the number of the sequence terms. 

Theta are five means between the first and the last terms of the sequencer. Thus, the number 
of the terms of the arithmetic sequence is n = 2 4 5 = 7 

2- Find the value of d 

The n Ul term of the arithmetic sequence is: T n = a ♦ (n - I) d 
by substituting: a ■ 6, T„ * 48 and n ■ 7 
48 = 6 4 (7 — I) d te.: 6d * 42 

by dividing the two sides by 6 d = 7 

3- Wc use the value of d to find rhe required arithmetic means 

(£) . 13 . 20 . 27 . 34 . 41 . (§) 

♦7 , +7 , +7 , 47 , 47 , 47 
The required means arc: 13.20.27.34.41 


| Try to Mlvt 




Insert seven arithmetic means between the two numbers - 24 and 16 

5*0 Exvrcis** (1 - 3) 


Determine which of the following sequences are arithmetic and which are non¬ 
arithmetic. then find the common difference in case the sequence is arithmetic: 

(l)(34 . 30 . 26 . 22. 18) (l)(7. 12. 17 . 22.27) 

§>(-12. -18. -24.-30. -36) (0 < 7 . 7. 7. 7. 7) 

Complete: 

CO The seventh term of the arithmetic sequence (2.5.8. ) is 

CO The eleventh term of the arithmetic sequence <T b ) where T b * 3n - 5 is 
CO The n* term of the arithmetic sequence (81, 77. 73 . ) is 

8 The arithmetic mean of the two numbers 8 and 12 is 


9, If the anihmctic mean of the two numbers x and 26 is 21. then x equals 
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\ 


Choose the correct answer: 

to All the following sequences arc arithmetic except: 

• (3. 7. II. 15, ) b (-11 

e /I 1 1 1 \ d (11 M 

'2 * 4 * 5 ’ 6 ; 1 5 * 5 


-15.-19,-23. ) 
) 


11 

5 


ft 

5 


11 Of all the follow ing sequences, the arithmetic sequence is: 
a (T^ = (5-±_L) b (T a ) = (n+ I) 2 

* (T.|. (£(«♦!>) * 

yi If (T a ) is an arithmetic sequence where T a * 3n ♦ 2 . then the arithmetic mean between 
T $ and T n equals: 

• K b |6 c 22 d 26 


1$ If 2a ♦ I . 5a- I and 6 a ♦ 3 are three consecutive terms of an arithmetic sequence . then 
a equals. 

• I b 2 c 3 d 5 

s\ y* 

|4 If a and b arc two arithmetic means between x and y, then ~ ~ - equals: 

■ 2 b 3 c 4 d 6 

Discover the error: 

i.» The common difference of the arithmetic sequence is defined as the difference between a 
term and (he ictm directly prevuos to it i.e.: 
d = T a - T a _ , for each n € Z* 

16 The relation between n and T a of an arithmetic sequence is given as follows: T a = an ♦ b 
where a and b arc two constants and b is the common dilTctcncc of the sequence in this relation. 

Answer the following questions: 

ft, Find the number of the terms of the arithmetic sequence (2,5,8 .80). 

In the arithmetic sequence ( A3 , 59 . 55 , , - 133) find : 

• The v alue of the seventh term b the number of the sequence icrms. 

IV find (he order and value of the first negative term in the arithmetic sequence (67.64.61 , ) 

20 Find the order and value of the first (erm whose value is greater than 180 in the aiilhmclic 
sequence: 

21 Wntc down the fust three terms of the sequence <T a >= ( 2 ♦ 5 n), then find the order of the term 
whine value is 72 of the sequence and find the order of the lust term whose value is m»*e Ihan 100 
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y - 

What is the value of n in the arithmetic sequence whose first term = 3 , T, = 39 and Tj, = 79? 
find the sequence 

Find the arithmetic sequence whose tilth term = 21 . and the tenth term = 3 limes the second 
term. 

(T b > is an arithmetic sequence in which T, + T, = 9 and T, = 22, lind this sequence. 

Find the arithmetic sequence whose sixth term = 20 and the ratio between the fourth and 
tenth terms is 4: 7. 

Find the arithmetic sequence w hose fourth term = 11 and the sum of the fifth and ninth terms 
= 40. then find the order of the term whose value is 152 in this sequence. 

Find the arithmetic sequence in which the arithmetic mean between its third and seventh 
terms is 19 and its tenth term is greater than twice of its fourth term by 2. 

(T 0 ) *s an arithmetic sequence in which: T *T *42andT*T » 315. lind this sequence. 

If (8 , a. . b. 68) form an arithmetic sequence of sixteen terms, find the values of a and b. 

If 36. a. 24. b are consecutive terms of an arithmetic sequence, find the value of a and b. 

If the arithmetic mean between a and b is 8 and the arithmetic mean between 4 a and 2 b is 
20. find the value of a and b 

Insert 16 arithmetic means between 27 and • 24 

Find the arithmetic sequence whose ninth term = 25 and the arithmetic mean between the 
third and lilth terms is 10 

Find the number of the arithmetic means arc inserted between I and 17 and the seventh 
mean equals three times the second mean 

Physics: Karccm has started to ride his motorcycle Irom the highest point of a downhill. 
He covered a distance of 100 cm in the first second . In each next second, he was covering 
a distance that increases in a magnitude of 120 cm from the directly previous distance. Find 
the distance which he covers in the tenth second. 

Trade: A man has bought a motorcycle and he has agreed with the seller to pay its price in 
monthly installment lormtng an arithmetic sequence whose n^ term is 120 n ♦ XO. II the last 
installment was I400L.E.. find the number of the installments . 

Creative thinking: If / and m ate two arithmetic means between x and y where / > m. 
prove that: f • m * ’ <jt - y). 
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Sum of Arithmetic Series 

The students has nude loud noise in the class and 
(heir leather wanted to punish them indirectly. 

He lud them sum the numbers from I up to 100 
to involve them at work for longer lime and to 
get quiet After a few minutes, a seven • year old 
child named (tua gmi| had told the teacher that 
the sum is (5050). In turn . the teacher asked 
him how he reached the correct answer. 

The child had answered that the addition sum of 101 is repealed from 
adding the following numbers: 

I ♦ 100 . 2 + 99. 3 ♦ 98 . . 50 ♦ 51 for fifty times 

Thus, the addition sum is 50 * 101 ■ 5050 



German scientist- 
Karl Gams 
1777- ISM 



The Sum of the First n Terms of an Arithmetic Sequence 

First: the sum of n ,h terms of an arithmetic sequence in 
terms of its first term(a| and the last term (/) 
its common difference d. the number of its terms is denoted by the 
symbol S n and is given by the following series: 

S t = a ♦ (a -f d)♦ (a ♦ 2d)♦..♦(/•(!)♦/ (I) 

The series can be also written in the form: 

S„ = t ♦ (/-d) ♦</ • 2 d) ♦... -Ma ♦ d) ♦ a (2) 

By adding the two equations (1) and (2), we deduce that: 
2 S b = (a ♦ /) + (a ♦ f) (a ♦ t) + + (a + () to n times 


i.e. 2S = n (a ♦ /) by dividing the two sides by 2 

% Bnampt# the summation notation L 

24 

I Find L (4 r -3) 
r = 5 


s,= f <»♦'> 





r 


AHIr* = 1 

vdUrWt 


! 


*ertr% 


r»ie 


You will loam 


• find the sum of n terns 
of ar st *bmet* senes in 
terms of its first and last 


* find the sum of n terms 


of an atabmetK senes 
m terms of rts first term 
and the common differ 


ence 

Key - terms 

• arithmetic senes 


hr 


• Summation notation 


Matrials 



• Scientific calculator 
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^ Solution 

n =24-5+1=20 
T, ■ 4n - 3 

Tj = 4*5-3 = 17 , = 4 « 24 - 3 = 93 

S B = y (a + O 

s » * (17 + 93)= 1100 

H Try t« mIw 

CO Find: 

20 

• r (6K + 5) 

K = I 


Kind the number of the sequence terms 
n ,h term of the sequence 

summation formula 
by substituting a = 17, t = 93, n = 20 

32 

b I (12 - 5m) 
m = 7 


G£) Example 

2 Find ihc sum ol ihc arithmetic senes 2 + 5 + 8 ♦... + 62 

^ Solution 

/ = a + (n -1 )d n" term of the sequence 

62 = 2 + <n -1) * 3 by substituting a = 2, J = 3 and ( n s 62 

Le.: 3 n • 3 ♦ 2 = 62 


3n -1 =62 

S. *£<*♦'> 

S ;j = ^-<2+ 62) = 672 


then n = 21 

summation formula 

by substituting a = 2, n = 21,T, = 62 


Q Try to »olve 

CO Find: 


• The sum ot Ihc lerms ol ihc anlhmetic senes K9 ♦ 85 + 81 + ... + 33 


b The numbef of ihc icims of ihc anthmclic sequence whose first lerm equals 3. Iasi lerm 
equals 39 and Ihc sum ol the lust n lerms equals 210 
Second: Finding the sum of n* h terms of an arithmetic sequence in terms of its 
first term and its common difference. 

You know that t ■ a + (n - 1) d and S a = -!J- (a + f) 
by substituting from Ihc first relation in the second relation, then: 

S, ■ y l» ♦ » ♦ * I > d I 


S, = ||2a + (n.|) d| 
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1-4 


Example 

3 In the arithmetic series 5 ♦ 8 + 11 + ... find: 

* The sum of its first twenty terms of the senes . 
b The sum of ten terms starting from the seventh term . 

c The sum ol the sequence terms starling from T up to T 

to 2o 

^ Solution 


d = 8 - 5 = 3 


a = 5 

• S # » ~ |2a + (n- lid ) 

S 2o= ^r*|2*5*<20-1)*3| 

S, = 10(10 -19 « 3) 
a 10 * 67 a 670 
6 T n a a » (n - I) d 
T 7 = a t 6d 

* 5 - 6 * 3 * 23 
s io a ^ x |2 T? ♦ (10 - I) k 3| 

S, 0 = 5 * | 2 * 23 + 27| 

= 5«73 = 365 

e The sum of the sequence terms starting from T |0 up to Tjo 
T„ * a ♦ (s* l)d 


summation formula 
by substituting >= 5 and d = 8 - 5 = 3 

by simplifying 

n-* 1 term of the sequence 


by substituting a = 5 , d = 3 and n = 7 
by substituting in summation formula 


by simplifying 
MnT w upioT v 
n ’ term of the sequence 

by substituting a = 5 , d = 3 

summation formula 

by substituting = 32, T 3) = 62, n = II 

Think; 

Arc there other solutions to fmd the sum ol the sequence terms starting Irom T up to T 


T |0 = a ♦ 9d 

a 5 ♦ 9 x 3 a 32 
T J) = a ♦ |9da5 ♦ 19 * 3 = 62 


S. =f (a + 0 


S,. = 


- 11 


2 ^10*^20^ 


= ^ (32 +62) a 517 


10 


| Try to toto 


(j) In the arithmetic sequence (9,12,15,...), fmd : 

• The sum of its first fifteen terms. 

b The sum of the sequence terms starting from the fifth term up to the fifteenth term, 
c The numbei of terms whose sum equals 75ti starting from the first term . 
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Example 

4 Find the arithmetic sequence in which : T, = 11 . T s = 87 and S # = 980 


^ Solution 

• f inding the value ol n 

S. = |(a-0 

980= y (II *87) 

98» " = 980 then: n = 20 terms 
h Finding the value of d 
T # » a * (n - l)d 
87 = 11 *19d 
I9d= 87-11 =76 
d = 4 

c Forming the sequence: T, = 11 *4 = 15, 


summation formula 

by substituting T, = II, T n *87 and S n *980 

by simplify ing 

n ,h term 

by substituting T, * 11, n* 20 and T n = 87 
by simplifying 
and by dividing by 19 
T,= 15*4= 19 


The arithmetic sequence is (II. 15. 19.87) 


Q Try to *otv« 

' 4 ' Find the arithmetic sequence in which: 

• T, = 23 . T, = 86. S, = 545 b T, = |7, T, = • 95 . S„ = -585 

(^) Example 

Physics: 

S An object fell from a height of 490m under the effect of the gravity Disregarding the air 
resistance, it covers a distance of 4.9m in the first second. 14.7 in the second second and 24.5 
in the thud second and so on... Kind: 

• The distance covered by the object in the sixth second, 
b The sum of distances covered in the first eight seconds, 
e When docs the object hit the ground - .’ 

^ Solution 

The distances covered in the first three seconds respectively are: 4.9. 14.7. 24.5 . 

The distances represent an arithmetic sequence in which : a = 4.9 and d = 14.7 - 4.9 = 9.8 

• By substituting: a = 4.9 and d = 9.8 in the rule: T # * a ♦ (n - I) d 
T 6 = a * 5d then T ft = 4.9 * 5 * 9.8 = 53.9 meters 


b By substituting: a = 4.9 and d = 9.8. n = 8 in the rule: S B = 4 |2a * (n -1) d| 
S, = 4 (2 * 4.9 *7 » 9.8) = 313.6 meters. 
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Arithmetic Seth's I m ’ 

-\_ ! _ f 

c by substituting a * 4.9 , d = 9.8. S = 490 in the rule: S t = -" |2a «(n • 1) d| 

490 * " [2 » 4.9 + (n • 1) * 9.8| by expanding the brackets ami simplifying 
490 = 0(4.9 + 4.9n - 4.9) i.e.: 4,9m = 490 

by dividing the two sides by 4.9 then n : > too 

by taking the positive square mot of two sides: n = 10 (notice that n > 0) 

D Try to *olw* 

s) Sports; Kareem is preparing himself f<w a long-distance race. He has decided to run 4 km 
on the first day. then increased the distance for hall a kilometer daily. 

• Find the distance . which kreetn coven on the seventh day. 

b Find the sum of the distances, which kareem covers in the first week (A week is seven days). 

c How many day s docs kareem need to cover 81 km. if he continues to exercise according 
to this pattern? . 

Complete 

The sum of the first n terms of an arithmetic sequence whose first term is a and last term is / is 

'l) The sum of the first n* terms of an arithmetic sequence whose first term is a and its common 
difference is d is 

2 . 1 , <*♦!)- 

k » I 

' 4 ^ The sum of the first len even number in the set of the natural numbers equals 
The sum of the odd natural numbers which is greater than 10 and levs than 30 equals 
v*/ The sum of the natural numbers which is divisible by three and included between 30 and $0 
equals 

Choose the correct answer 

7 ) The value of the arithmetic scries X (2r ♦ I) equals: 

r= I 

• 25 b 30 c 35 d 40 

'•' The value of the senes: 4 + 9 + 14 + + 5n - 1 by using the summation notation equals ; 

• Z (5r* I) b £ (5r ♦ I) c £ <5r-l) d *x* <3r+l) 

r = 4 r= I r= I r= I 

The value of the senes: 7 + 12 ♦ 17 ♦ 22 by using the summation notation equals: 

4 ,—v 4 4 „ 4 

• Z (5r + 2) b X (4r + 3) c X (7r+l) d Z (Jr + 4) 

r = I r = I r= I r=1 
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— \ Unrton* Sequences and series j 

10 The sum of the terms of the arithmetic sequence <3.3.7, , (2n + I)) starting from its 

first term equals 

• n(n*l) •> n(n + 2) c wb + J) 4 n(n + 2)n<n + 3) 

Discos er the error 

H To find the greatest sum of an arithmetic sequence, we find the number of its positive terms 
by pulling S n > 0 In lind the value of n . and then we con find the greatest sum. 

U To find the least sum of an arithmetic sequence, we lind the number id its negative terms by 
putting S B < 0 to find the value of n and then we con find the least sum 

J J To find the number of the terms of an arithmetic sequence at which the sum is vanished, we 
put S a > 0. then a ♦ <n - I id ■ 0 
[where n / 0|. then we find the number of terms. 

U If the sum of the first n terms of the terms of an arithmetic sequence is given by the relation 
S,»|<3n + 5)thenT, = S, 0 .S,. 

Answer the following questions 

is Find the sum of the first ten terms of the arithmetic sequence < 14 . IX , 22 , ). 

l fa Find the sum of the first thirty terms of the sequence (TJ where T # = 2n + 3 

JI7^ Find the sum of the terms of the arithmetic sequence (2. 5 , 8, , 80). 

Find the number of the terms necessary to be taken from the sequence (16 . 20 . 24 . ) 
Matting from the first term to get a sum equal to 436 

1* Find the number of the terms necessary to be taken from the sequence (27 . 24. 21 , ) 

storting Irom the first term to vanish the sum. 

20 It the sum ol n-terms Irom an arithmetic sequence is identified by the rule: S t * 2n(7 - n). find: 

• t 7 

b The number of terms necessary to be token from the sequence starting from the first 
term to make the sum equal to - 240 

Jf Find the least number of terms that can be token Irom the sequence ( 89, 81, 73, ) starting 
from the first term to make the negative sum. 

& f ind the greatest number of terms that can Iv taken from the sequence (23 .21.17, ) starling from 
the first term to make the positive sum 
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Arithmetic Sene* 


1-4 


/ 


to 


to 


to 


to 

to 


to 


30 


to 


to 


to 


- V 

In the arithmetic sequence (5. K . 11, ) .find: 
a The sum of its first twenty terms. 
t> The sum of ten terms starting from the sesenth term, 
c The sum of the sequence terms starting from T w up to T^, 

In the sequence (T„) = (32. 2K . 24 . ). 
a Find the order and value of its first negative term, 
h Find the number of terms w hich makes the sum greater than zero. 


In the arithmetic sequence (25,23,21 . ). find: 
a The greatest sum of the sequence. 

b The number ol terms whose sum= 120 starting Irom the first term ’Explain the cxtslancc 
of two answers*. 


Find the arithmetic sequence whose lust term * 12 . last term * - 26. and the sum of its 
terms = * 140 

Find the arithmetic sequence (T t f whose scawd lerm = 13. and the sum of its first ten terms = 235. 

An arithmetic sequence ui w hich T te = 0. If the sum of the first n terms = twice the sum of 
its first five terms, find the value of n. 

If n arithmetic means ate inserted between I and 31 and the ratio of the seventh mean to the 
last mean is ^ f ind n and sum of the sequence? 

Find the arithmetic sequence in which T 4 = 24 and the ratio between the sum of the first 
five terms to the sum of the next live terms directly is I: 2. 

What is the arithmetic sequence whose first term ts greater than twice its fifth term by 2 and 
the arithmetic mean of the thud and sixth terms tv 16? How many terms should be taken 
starting from the first term to make the sum equal to aero? 

Saving: Zyad saves 15 LE from his daily work. If he saves an amount of money increasing 
for 2 L.E every day more than the day before ducctly Find the sum of w hat he can save 
within 15 days. 

Arts: A school stage accommodates for 16 rows, il the lira row contains 16 seals and each 
row next to it contains a number of seats more than the directly previous row for 4 scats, find 
the number of seals in this stage. 
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Unit one: Sequences and sene* 




Income: Kareem has Marled his working life with a yearly salary of 19200 L.E. If he gels a 
yearly raise of 4X0 L.E, how much he will gel by ihc end of the tenth year 


?> Trade: A man has borrowed an amount of money, he has handled lo pay it back over 10 
installments. How much is the loan if the first installment is 500 L.E and each next installment 
is more than the directly previous installment for 200 L.E? 


3<r Maintenance: A company has assigned one of its buildings lo be completely maintained 
and it has stated a dale lo receive Ihc building. There was a condition in the maintenance 
contract stating that; in case of delaying the dale or receiving the building, the contractor 
will pay 100 L.E as a fine for the first day and this fine increases 100 L.E more than the day 
before . How much will the contractor pay if he delays to receive the building for live days? 

ActtvMI** 

Karcem has a store for loud commodities. He arranges the tuna cans in rows M > that he puts 12 

cans in the (first) lowest row .11 in the next row and 10 in the next and so on 

Third row 

Second row 
First row 

1 - Find the number of the tuna cans in the seventh row. 

2- In which row are the tuna cans three cans? 

3* Find Ihc number of the tuna cans starling from the first row up to the last row containing one 
tuna can. 

4- Tell why Krecm arranges the tuna can in rows in this way. 

5* Log in internet and search for Ihc places where tuna widly live. What ate (he healthy benefits 
ol tuna? 




28 


Pure mathematics - Second form secondary - Science-section 


2010 - 2020 










@ce rgyirgifa^n^fg ^^fg pnfsrsvaea 


Unit One 


1 -5 


Check the small triangles in each of the following figures. then find then 
numbers. What do you notice? 



The constant is called the common ratio ot the sequence and is 
denoted by the symbol (ri 


^ Example 

1 Show which of the follow ing sequences <T„) is geometne . then 
find the common ratio of each : 

• (T„) ■ (2 * 3*> b (T # )»(4 n : ) 

c The sequence (T,) where: T, = 12 .T„ = ]j * T„ . , twherc n > I) 

^ Solution 

• vrjr 1 ■ * 2 '' ir ■y* l ~ , «3 (constant) 

"r» 

the sequence is geometne and its common ratio r = 3 

b v **' ■ 4<n (is no! a constant I 

T 4n J 

The sequence is not geometric 


c 


VT, = ^ *T a _, (where n > I) 



(constant I 


The sequence is geometric and its common ratio r = 


1 

4 


You will k*m 

• OetWwion et the geo- 
matnc ttqutnr* 

• Graphical npwwnta 
twn of the geometne 

• n* t arm of the geomet- 
ncuqutmf 

• Notifying the geomrt 
rk sequence 

» Geometne means 

• The reiabon between 
m arithmHic meen end 
a geometne mean of 
two numbers 

Key * term 

• Geometric Seqence 

• 0*^ Terns 

• Incteeting Veqence 

» decreeing Sequence 

• Alternating sign 
Sequence 

» Geometric Mean 


Ma trials 


» Scientific GakiAalor 
• Graphic programs 
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-\Unlt flwi Sequence* and mtk 1 ^ 


f_L_ . _L .X 1 1 

27 * 9 * $ 


) 


Q Try to Mho 

'l^ Show which of the followmg sequences is get metric . then find its common ratio in ease it 
is a get metric sequence: 

• (T.) = <<*». 48. 24. 12.6. 3) b . - R| 

« (T a ) = (5 x 2*) <* (T.l = (3(n+I) 1 ) 

Graphical Representation of The Geometric Sequence 

^ Emample 

2 Find the next lout terms of the geometric sequence 
(8. 4. 2. ) then represent the first seven terms graphically. 

^ Solution 

The sequence common ratio = ^ thus, the nest lour terms are 

,111 

* 2’ 4* 8 

the domain is{|.2.3.4,5.6.7} 


the range is { 8.4,2. 1. *, *. 



From (he graph . we notice that: 

> The terms of the sequence arc decreasing w hctc a > 0. 0 < r < I 

> The graphical representation of the geometric sequence follows the exponential function 
and not a first • degree function as in (he arithmetic sequence . 

Verbal expression: Write down a description to the geometric sequence so that it is < increasing 
. decreasing or alternating sign) m each of the following eases. 


Firat term 


ratio 

dmnptiofi 


Pmithc 


•rgilht 


r > 1 0<KI 

- 1 < r<0 r < - 1 

r> 1 

0<r< 1 

<r<0 r< - I 

incwiismy —__..—.. 


— 

— 

altmutiag vigo — 


|] Try to motvo 

2^ Find the next four terms of the geometric sequence | ). then represent the first 

seven terms graphically. 

The n ,h Term of the geometric sequence 

From definition (I) the n lh term of the geometric sequence <T n ) whose first term is a and common 
ratio is r can be deduced as follows: 

T, = aT,=ar andT,=ar.by continuing this pattern. we fmd that then* Icrmul this sequence e>: 


TjWar*' 1 
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Geometric Sttiuonwi 


/ 


- 

Example 

3 In the geometric sequence (2.4.8 .). find 

a The fifth term b the order of the term whose value is 512 

O' Solution 

V a = 2. r = ^ = 2 . 

T 5 = a r 4 = 2»2 4 = 2 * 16 = 32 i.e. the value of the fifth term is 32 

V T, = ■ * i** 1 2 * 2* * 1 =512 By dividing the two sides by 2 

2■- , *2 , /.n-1 = 8 .% n=9 

i.c the term whose value is 512 is the ninth term. 

Q Try to selva 

i) Prove that the sequence (T # ) where T, = 2 * 3“ ' 5 is a geometric sequence, then find its 
seventh term. 


Identifying The Geometric Sequence 

The geometric sequence can be identified whenever its first and common ratio arc known (given 1. 


Example 

4 (T # ) is a geometric sequence and all of its terms arc positive. If T, ♦ T 4 ■ 6T,. T 7 ■ 320, find 
this sequence. 


^ Solution 

V Tj ♦ T 4 ■ 6T, 
ar (r + r) = 6 ■ ar 
r 2 ♦ r = 6 


ar ♦ ar ’ * 6» ar 

by dividing the two sides by ar (where a and rdonol equal /cn>> 
l.e.:r J + r*6 = 0 


.\(r-2)(r + 3)*0 .\r»2orr*-3 refused (because the terms are positive) 

vT 7 = 320 ,\a* = 320 by substituting r = 2 

a * 2* = 320 64 a = 320 by dividing the two sides by 64 

a ■ 5 the sequence b (5.10.20. ) . 

l sing the scientific calculator to write the geometric sequence 


To wntc down the geometric sequence in which a = 5 and r = 2 we do the 
following: 

Wc wntc the value of a (number 5) then press ( = ) then prcss< * ) and put 
the value of r (number 2) then press < * ) then wc get the second term of the 
sequence. By pressing (* ) repeatedly, we get the next tetim and so on .... 
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Unit on*: Sequences and senes 


J 


Q Try to iolvt 

(T„) is a geometric sequence in which T 5 = K T 2 . T 4 ♦ T fc = 240 . rind this sequence. 

X H I he sum of the second and third tcrim of a geometric sequence is 12 and the product of its 
first and lourth lerms equals 27. find this sequence. 

^ Exampi* 

5 Education; 11 the number of the students accepted in the high school stage in an educational 
administration increases at a rate of 4*f yearly. How many students will be there after IS 
years if the number of the students is 2400 students light now 7 

^ Solution 

V Number of students now = 2400 

Number of students in the second year = 2400 (I 0.04) 

= 2400 (1.04) 

.*. Number of students in the thud year = 240th 1.04) ♦ 2401K1.04)» 0.04 

= 2400( 104) (I + 0.04) = 2400( I M? and so on 
i.e. the numbers of students form the geometric sequence 
(2400 . 2400(1.04), 2400(1.04^. ) 

a - 24(li. r * I SH , n * 6 by substituting the role of rt* term of the geometric sequence 

T.si.i*-' T # = (2400) x(1.04/ * 29I9.9WW66 

i.e. the number of students after 6 years equals 2920 students approximately. 

Q Try to solve 

•> Physics; A tubbet ball falls from a height of 240 above (he ground surface. How high is the 
ball alter the seventh bounce. If the hall bounces back ^ of its directly previous height? 

Geometric Means 


The geometric means arc similar to the arithmetic means. They arc the terms located between two 
non- successive terms m the geometric sequence. the common ratio of the geometric sequence is 
used to find these means . 


o 


If a. h and c are three successive terms of a geometric rrsl 

sequence, then b is known as the geometric mean 

between the two numbers i and c where: = ? 

a I) 

i.e. bsji then list , ac 


T|t Tj. Tj « * T b 

Is knows as tbr n' fc 
root of I tic product of 
time %alun. I.*. (tie 




Verbal expression: 

The geometric mcam which can be imerled between two number* depend cm the sign ol those 
two number* Explain 
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X. 


Geometric Sequence* 


1-5 


Inserting a number of geometric means between two known quantities: 

Example 

t Find the geometric means of the sequence: (4, .... . , .... , , ...., 2916) 

O Solution 

1- Kind the number of the sequence terms 

There are five means between the first and last terms in the geometric sequence 
Thus. the number of the terms of the sequence n = 2 + 5 = 7 

2' Find the value of r 

By using the rule: / = a i*' 1 

2916 = 4 x r 7 ' 1 by substituting a = 4. f = 2916. n = 7 

Le.: 4 * !* = 2916 by dividing the two sides by 4 i* = 729 

Le.: r 6 = (± if then r = ±3 

3* Use the value of r to find the geometric means required 
The terms are: 



the required means arc 12. 36. 108. 324.972 or - 12. 36. - 108. 324. - 972 

Q Try to solve 

'j] Insert six geometric means between J and 32 

The relation between the arithmetic and geometric 

means of two numbers: 

If r.yc R’.ji^y 

then: the arithmetic mean (A) * —~~ and the positive 


o 


If: T r 
Tsrr 


T- 


then 


T ,* T »* T ,* T. 


geometric mean (G) = v'xy 

•A.C-llJL./Tr .LlOflL 
iJT ,/jY 


> » t.t.t, t. 

aod Ike rqulttl Is 
salblM ooh when I 


>0 


(by putting the expression in a form of a complete square! 
A > G . So that the positive geometric moan is grcalct than the negative geometric mean 


Then the arithmetic mean of two different positive real numbers is greater 
than their geometric mean. 


Al Aatvaaf Pooling House 


Student book - Second term 


33 














\Onlt one: Sequence* and series 


J - 

Critical thinking; What do you expert about the relation between the anlhmclR and geomelnc 
means ol two equal positive real numbers? 

Example 

7 116a, 3b. 2c . 2 d arc positive quantities in an arithmetic sequence, prose that b c > 2 a d 

^ Solution 

V 3b is an anlhmclR mean between 6a and 2c 
w here the anlhmctic mean > the positive geomelnc mean 
3 b > * 6 a * 2 c by squaring the two sides 
9b J >12ac (I) 

Similarly 2c h an arithmetic mean between 3b and 2d 
2c > V 3 b * 2 d by squanng the two sides 

4c J > 6b d (2) 

I rum 111 and (2) 

9b 2 x 4c 2 > 12 ac * 6b d 

By dividing the two sides by 36b c (b. c € R 4 ) 

.’.be >2 ad 

mz Exerci*** (1 - S) ZB 

Complete 

CO The fifth letm of the sequence (T B ) where T„ * 2 »(3>*~ 1 equals 
Q) The n" 1 term of the geomelnc sequence < 3 . - 6. 12 . ) is 
® The sixth term of geometric sequence t ^ * gf * vj * I h 
(0 The geometric mean of the two numbers 4 and 16 is 
(0 II lhe geomelnc mean of the two numbers 9 and y is 15. then y = 

^0 If a. b and c arc three consecutive positive terms of a geometric sequence . then b < 
choose the correct answer 

(?) The next letm of the geomelnc sequence (8. 6. ~ . ) is: 

.11 b H e ’ d li¬ 
lt 16 4 32 
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Geometric Sequences 


1-5 


/C\ 


* All the following sequence air geometric except: 

• (3. -6, 12, -24 . ) b <foga , |oga : , log*’, loga 4 . ) 


c (— | i i.) 

' 2 * * J * 9 ’ 


b ' i, 


9 y Ol all the lollow ing sequence , the geometric sequence i*: 

• (TJ*(4n 2 )foreachn> 1 - 

* (TJ * (2* • I) for each n > I d (T,) = (log (3«2*)) for each n > I 


b <T # ) = (~ *T t _,) fot each n>2 


jo If a .b and c three consecutive positive terms of a geometric sequence, then: 
a ♦ c 


2 

a r-c 


> b 
= b 


b -L_LL<b 


d b^ = a +c 


I 


Oise oxer the error: 

j l The terms of the geometric sequence arc represented by a set ol separated points which arc 
collincar. 


12 The sequcaoe (Tj is called geometric if ^15- equals a constant know* as the common ratio 
of the sequence (for each n> l>. 


•♦i 


13 The geometric sequence is decreasing if iLs common ratio r € |- I , 0| 


14 The gcomclnc means are known that they arc the terms lying between two non-consecutive 
terms of a geometric sequence and can be found whenever the value of those two terms arc 
known. 

15 The arithmetic mean of two different real numbers is greater than their geometric mean. 


Answer the following questions: 

16 If (T a ) is a sequence where T, * 5 * 2" . prose that it is a geometric sequence, then find its 
first three terms. 

^ In the geometric sequence |^, -I, ). find 
a Its tenth term. 

b The order of fhc term w hose value = 1024 
ta Find the geometric sequence whose common ratio = ' and its third term = 24. 

19 Find the geometric sequence in which T, = 12 and T„ = 3X4. 
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\ 


/ 


20 Show that the sequence (T n > where: T n = ^ (2)” » a geometric sequence. then find its eighth 
term and the order of the tetm whose value is 768 


Find the geometric mean between 16 and 49. 


21 Find the two numbers w hose arithmetic mean is 5 and their geometric mean is 3. 

21 Find two positive numbers whose positive geometric mean is greater than one of those two 
numbers by 2 and is less than the other number by 3. 

24 Insert five positive geometric means between 

H If several geometric means arc inserted between 2 and 1458 and the ratio between the sum 
of the first two means to the sum of the last two means is 1:27. find the number of these 
means. 


26 Find the geometric sequence whose all terms are positive, the first term is four times the 
thud term and the sum of the second and fifth terms = 36. 


27 If x. y . / and / arc positive quantities of a geometric sequence . prove that r + / > y ♦ /. 

28 Environment: Water is poured in a water tank at a rate of twice the ditectly previous day. 
How many days does the w ater tank hold 1536 liters il 12 liters has been poured in the lank 
on the first day? 

29 Population : The population of a city increases at a constant rate of 39f per year How 
many populations are there in this city after 5 years if the populations are 6(1X100 at present? 

30 Percentage: The price of a new biand car is I21KX10 L.L How much is that car alter 5 years 
if its price decreases at a rale of 1291 yearly? 

Income: The salary of an employee is 1200 L.E and he gets a yearly constant raise at a rale 
of 6*» more than his salary in the directly previous year How much is his salary after 6 
years? 

3* Creative thinking; 

a It a ♦ b *■ c = I where: a. b . c are different and positive quantities. 

provcthal: (I - a)(I -b>( I -c) > Kabc 
b If: jre R’ , x # I 
prove that: x ♦ -j- > 2 
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Unit One 


(S®MQseaik SSoiftgs 


Sum of the Geometric Series 


1 



Wc know that the geometric series is the sum of the terms of the get metric 
sequence and the sum of n terms is denoted by (he symbol S,. 

Sum of the First n Terms of a Geometric Series 

First: To find the sum of n terms of a geometric series in 
terms of its first term and common ratio: 

If a + ar + ar ♦ ♦ iu° ~ 1 is a geometric series whose fist term is a and 

its common ratio is r. then the sum of S a of this series can be f<*md as 
follows: 

S n = a ♦ ar + ar + + ar* 1 + ar" ‘ 1 (I) 

By multiplying the two sides by r then: 
rS a = ar ♦ ar ♦ ar’ ♦ ♦ ar* ‘ 1 ♦ ar* (2) 

By subtracting the two equations, then: 

S, * = a - at" 

i.e.: S B (1 -r)*a(l-r*) 

By di skiing the two sides by (I - r) in a condition I - r * 0 


You will karn 

» Sum of (he geometric 
Mfid 

> Forming (he geometf* 
sequence 

> Infinite geometric series 

> Sum of infinite geomet 
ix senes 

> Corwertong the recur 
ring decentl .mo a cotr^ 
mon fraction 


Key - term 



► Infinite Geometric Senes 


Example 

1 Find the sum ol Ihc geometric sequence in which :a*3.rs2,n*8 

Solution 

S n = *0 • | ** thc sum formula of the geometric sequence 

S„ = 1 ^ ~ - by substituting: a = 3, r = 2 and n = 8 
S„ = 3 * 255 = 765 by simplify ing 


Matrials 


• Science* CjkuUtor 
* Graphical Ptogram* 


Q Try to »®lv* 

(l) Find the sum of the follow ing two geanetnc sequences in which: 
a a = 4,r = 3,n = 6 b a= l(XX).r = ' ,n = 10 
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— \ Unrt or m Sequence*and series f 

Second: to fiml the n terms of a geometric series in terms of its first and last terms 

We know that: S * 1 ,r " (I ) 

I-r 

and: t = a i*~ 1 by multiplying the two sales by r 
then fr = at* (2) 


by substituting from (2l in < I > then: 


S = » .r* I 

Ir 


^ Example 

2 Find the sum of the geometric scries : I + 3 ♦ 9 + .... ♦ ft.VS I 

^ Solution 

S # * * J_± the sum formula of the geometric sequence 

I • r 

S a t - &36I « 3 bv substituting :a = I. r = 3 and t s 6561 

I 3 

S = = 9841 by simplifying 

Q Try to Mho 

S, Hmd the sum ol the following two geometric sequences: 

• a»9, t*3, / *6561 b a>2048. ra 1, / a 128 

Using the Summation Notation 


Example 

/-N 12 

3 Find E 3(2/ 1 
r = 5 

^ Solution 

I* = a = 3(2^' 1 = 48, r = 2. n = 12-5+ I =8 

S„ = >(l ^ the sum formula of the geometric sequence 

I - r 

S n a **0 ‘ 2 *> by substituting: a = 48, r = 2, n = 8 

S , = 48 * 255 = 12240 by simplify ing 
Think: Can you find the sum in the prev ious example in terms of a, ( and r ? How? 


Q Try to solve 

()) Find the value fi*i each of the following two geometric series: 


a 




II 

,h 


I6(l) r 1 
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GwHmHric Series 


1-6 


Forming the geometric sequence 

4 If the sum of the first n terms of a geometric sequence is given by the mle: S n * 128 - 2 7 * ". 
liml Ihc sequence and its seventh term. 

Solution 


let: ns | 
let: n = 2 


S, = 12* * 2 7-1 = 128 - 64 = 64 Le. T, = 64 
•\Sj= I2H-2 7 - 1 ® 128-32 = 96 


VT, +Tj = S j 


64 + T ; = 96 


.-.T 2 = 96-64 = 32 


U.S,s I2H-I6= 112 
Le. T, * S , - S j 


let: n = 3 c,= 128-2 7 - J 

vT,+Tj+T,*S, 

Tj= 112-96= 16 

ihe sequence is: (64,32.16. .). T 7 = ar* = 64 < ’ f = 1 

Notice i from the previous . w e can deduce that T n * S n - S B _, and find the two values of a and 
r then T^ = S 7 -S 6 = (128-2 7 ' t )-(I28-2 7 '*)* - 1+2=1 


| Try to *olv« 




4 II the sum of the lust n terms id a geometric sequence is given by the rule S n * 1024 • 2 


W-a 


lind Ihc sequence. 


<*) Find ihe geometric sequence whose fust teim = 243. last leim = I. and ihe sum of its icons = 364 

Example 

S Geometry The opposite figure shows an equilateral mangle whose 
side length is 40cm. Another tnanglc is drawn interiorly through 
connecting the points trpresenting ihc mid-points of the greatest 
tnanglc. The interior mangles arc repeatedly drawn the same way. 
find ihe sum of the perimeters of the first 10 mangles m this pattern to 
the nearest integer. 

^ Solution 

The penmeter of the greatest mangle = 3 * 40 = 120 
The perimeter of the next smaller triangle = 3 - 20 = 60 
The penmeter of Ihe next smaller tnanglc = 3 * 10 = 30 
i.c. Ihc pattern is : 120 . 60 , 30 . to 10 terms 
sum of perimeters = 120 + 60 + 30 + .... it is the sum of a geometric series 

the sum formula of the gowncmc sequence: S B =. * * 1 1 ** 



at equilat¬ 
eral triangle i J X IU 


by substituting: a = 120. r = ' . n = 10 
By simplifying and using the calculator S |0 = 


I -r 

120(1 (l)*) 


>2 


^~ 240 
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-\Unlt flwi Sequence* and mtk 1 ^ 


Try to solve 


b Biology: Culturing bacteria is tcpficalcd every day (in a nuuiiionai medium). How many 
boctena arc there after ten days if their number is H(X> on the first day ? 

Infinite geometric series 


f&L 


Think 


disci 


20 meters 


Zyad has wanted to move a box in the direction of 
a wall distant 20 m from him over some stapes so 
that the distance traveled by the box equals half the 
remaining distance alter each stage. Can Zyad reach 
the wail? 

You can answer this question through learning 
infinite geometric series. 

The infinite geometric series has an infinite number of terms. If their sum is a real 
number, the series is convergent because its sum gets near to a real number . If the scries 
doesnot have a sum . it is divergent 


m 


In Think and discuvs, the sum of the distances traveled by Zyad 
is given by the series 10 ♦ 5 ♦ 2.5 +1.23 ♦ ... when ever its 
terms increase, the sum gels nearer to 20 m. It is the real sum 
of the senes. As a result. we can assume that Zyad will reach j 
the wall when the terms of the sequence increase infinitely. 

The figure opposite illustrates the graphical representation of 
the sum of S # . so the sum of the convergent senes gets near to J 
a real number where Irk I and the series is divergent if the sum 

does not get near to a real number where Irl > I 

(£) Enample 

6 Which of the following series can you sum an infinite 
number of its terms ? Explain 
• 75 4 45 ♦ 27 + .... b 24 + 36 *f 54 4* 




^ Solution 

a Find the common ratio of the geometric scries then 

. . . i 75 s 

the senes ts covcrgenl because -1 < ^< 1 

Wl I 

b hnd the onmimin ratio of the geometric <enc* r *vr* r then 

3 24 2 

the senes ts divergent because: ^ > I 


IflH< I then; 

* I < r < I 
lllrl>l Ihra: 
r> I or r<-l 
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Geometric Sent** 


1-6 


Try to solve 


7, Which of ihc following geometric series can you sum an infinite number of its tcims? 
Explain 

• 7 + 21+63 + — 5 * 7 -♦ | ♦ 3 ♦ 2 

Sum of Infinite Geometric Series 

Wc knew that the sum of n terms of the geometric series is given by the relation S t = ~ **> 

I r 

and w hen wc sum an infinite number of its terms, then r" gets near to zero w hen • I < r < I 

and the sum is: 


3 


Critical thinking; Can the sum of an infinite geometric series be found when hi > I ? Explain 
Verbal expression: Can you lind the sum of the geometric senes in think and discuss'* find 
the two values of a and b and use the rule of the sum of an mi mile number of terms of a geometric 
series. 

Example 

7 Find the sum for each of the billowing two geometric scries if found: 


a Hi + 2Z + 2 + 
* 8 4 2 


b UI+&+- 

3 6 24 


O Solution 

a Find the common ratio of the geometric sequence: r = 'J- * H '- = • ~ = = 

V - I < * < 1 ♦*. The series has a sum 

= 11 , = 2 


v a = -=f-. r = * h> substituting in the sum formula S x = —— 

* ^ \t ■ * f 

. j . V . V 

" S --T1- T* » 

b Find the common ratio of the geometric sequence: r = £ 

v|>l The series is divergent and lus no sum 

| Try to sotvo 


sj\ 


a Find the sum for each of the following two geometric scries if found: 
a 46-48+24 


h 2 + li + li + 

b 5 10 20 * ““ 


G£> Use the summation notation 

8 Find ^ 42 <*)•-' 


f 
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■v^Untt on*: Sequences and series 


J 


O 


Solution 

Sum formula of ihc geometric sequence S. = - 
by substituting: a * 42 and r s 7 : ^ 1cn s 

Try to io(vt 



a 294 


©Had: f 56<*)’ 1 

Converting a Recurring Decimal Into a Common Fraction 


Example 


*ut 0.432 in ihc form of a common fraction 


first: using the sum of an infinite gcomctnc senes 
0.435 = 0.432 ♦ 0.000432 + 0.000000432 ♦ 


sum formula of the geometric sequence: S x = * 

1 -r 


let a = 


* 22 . 

kkki ’ 


r = 



then S. 


,1ft 

1 * ufao 


c _ _432_ 1000 16 

1 " KXXI ■ 999 - 17 


by simplifying 


Q Try to sotva 

10 Put each of the following decimals in the , 01 m of a common fraction 06,063,0.46,0.654 


Applications on the Sequences 


Example 

to The following table represents the salary of an employee in five consecutive years in L.E 
known that this income is subjected to a geometric sequence. 


Year 

first 

second 

third 

fourth 

Salary in L F 

2X8 

432 

648 



• Find the common ratio of the gcomctnc sequence, 
b Find the salary of that employee within the fourth and fifth years, 
c Find the sum of what this employee deserves during this penod in L.E. 
4 Find the monthly average income of this employee dunng this period. 

O Solution 


• V The sequence is gcomctnc The common ratio (r> = 


second term 
first term 


fifth 


432 3 

2*K 2 
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Geometric Series I 

-s_ ! _ f 

b The monthly income of the lourth ycaf = T,»r = 648 • £ = 962 LE. 

The monthly income of the fifth year = T 4 * r = 962 « ^ = 1458 L.E 

c The sum of what the employee deserves = 12 <288 ♦ 432 ♦ 648 +.... to five terms) 

vs - * (l -«*> 

■ I -r 

...S a»-»nll , -l| «4557ftLE 
1-1 

Use the arrangement ol the calculator buttons as follows: 

* * ^ CD990MI • » * • 

CD CD CD © 0 CD CD © CD 0 CD CD © 

d The monthly average of the employee's income = - of - l ! *' u<l * g _ = = 759 6 L.E 

7 ^ v 7 number of months 5*12 

Critical thinking; Can you find the monthly average of the employee's income by dividing 

(288 ♦ 432 + 648 + to 5 terms) by 5 years ? Explain. 

Q Try to «olv# 

Jl Physio; A small ball of iron has been rolled over on a hon/onlal plane If the ball covered 
25m in the first minute . then it stalled to cover 6fW only m each next minute from the 
distance it covered in the directly previous minute. Find the total distance which the ball 
covered till it stopped completely. 

w*z bwremOT (1 • 6) Z® 

Choose the correct answer 

vC The sum of an infinite number of terms of the sequence (8. 4. 2.) is: 

a 16 b 20 c 24 < 30 

[2 . If the sum of an infinite number of terms of a geometric sequence whose common ratio is ' 
is 13 | then its first term equals : 

a 6* b 8 e 9 d 12 

(0 If the sum of an infinite number of terms of a geometric sequence wh»»sc fust term is 12 is 
96. then iLs common ratio equals: 

.1 b • c 1 d * 

3 2 c 8 4 

[ 4 ] A geometric sequence in which the sum of the first n terms is given by the relation S n ■ 3* 

* 1 - 4. then the thud term equals: 

a 18 b 23 c 54 d 77 
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\UnH one: Sequence* and serie* 


J 


X A geometric sequence whose first term equals the sum of the next infinite lermv then its 
common mlio equals: 

a 0.5 b 0.333 c 0.25 d 0.666 

Discover the error: 

The sum of an infinite geometric senes can be found when Irf < I 
X The sum of an infinite number or terms of the sequence (16. 8,4, „..) is greater than twice 
its first term 

Answer the following questions: 

8 find the sum for each of the follow ing geometne sequences: 

a <6, 12. 24. tobterms) b (125 . 25 . 5.....to6terms) 

e (3. -6. 12..-., 768) 

X Which of the following geometne sequences can be summed up to * . then find the sum if 
possible: 

• (24. 12. 6.) b (3.-6. 12.) 

^ * < S2*‘i6 , '8 .* * (2*3'■■) 

JO Find the sum of an minute number of terms lor each of the follow mg geometne sequence: 

• (3, /T. I. ) b (TJ = (3 V ") 

Put each of the following recurring decimals in the form of common fractions using the 

infinite geometric sequence: 0.7. 0.24 . 0863 
J2 Fmd the geometne sequence whose lust term = 243. last term = I. and the sum of its terms = 3f4 
I ind the go metric sequence whose sum is 1093 . last lerm is 729 and its comrmxt ratio is 3 
14 How many terms are to be taken from the geometric sequence (3.6. 12 . ) starting from 
its first term to make the sum of these terms = 381? 
i s' Prove that the sequence (T,) = (10 * 2° * *) is a geometne sequance. then fmd the number of 
its terms whose sum is 2555 starting from the first term 

Find the number of the tenns ol the geometne sequence whose sum ol its terms is 121 j- and 
its first lerm equals IK and the last term equals ^. 

@cra is a geometne sequence whose terms are positive in which T,» 6 and T, - T, * 9. Find 
the sequence and sum of the first twelve lerms. 

fa Find the geometric sequence whose sum of its first five terms = 7.75 and the sum of the 
consecutive five terms = 248. 

19 The first term of a geometric sequence of an infinite number of terms = |K and the fourth 
term = ^ What is the sum of this sequence? 

20 If the sum of an infinite geometne sequence is . and the sum of its first and second 
terms is 90. prove that there arc two sequences and find them . 
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/ 


s_:_ 

21 Find the geometric sequence whose sum of its first and second terms * 16 . and the Mim of 
an infinite number of its terms = 25. 

21 Find the infinite geometric sequence whose terms arc positive, its first term is greater than 
its second term by 30 and the sum of an infinite numbci of its terms equals . 

2* (T # ) is a geometric sequence in which T, ♦ T 4 = 70. T, ♦ T, * 60, prove that there are two 
sequences and an infinite number of the terms of one of them can be summed and find this 
sum starting from its first term. 

24 <T o ns a geometric sequence in which T, - T 4 * 4$ and the first S 4 * I NO find the sequence 
and show that there are an infinite number of its terms can be summed and find this sum . 

$$ Find the infinite geometric sequence w hose first term = the sum of the next infinite terms of 
it and the sum of Us first and second terms » 9. 

26 Find the infinite geometric sequence in which any of Us terms equals twice the sum or the 
next infinite terms of it. and its fourth term =3. 

27 Mining; A gold mine produces 4200 kg in the first year. If the production of that mine 
decreases at a rate of 1091 yearly of the production of the directly previous year, lind the 
production or thal mine in the eighth year, then calculate the production of the mine within 
the first eight years. 

28 Income; A worker has started to work at a factory for a y early income of 7200 L.E so that he 
got a yearly raise of 0.6 H of the directly previews year. Calculate his income in ihc seventh 
year and the sum of what he g*4 within the first seven years. 


Applications on overpopulation: 

Activity 

II the population of a city by the end of year 2000 was \ 
a milion populations and U is supposed to be H millions in 
year 2016. If the increasing of populations is constant and is 
subjected to an arithmetic sequence. 

Calculate: 

1' The constant ratio of the increasing populations 
2' The linear equation of estimating Ihc number of populations. 

3- Estimate the number of populations in year 2020. 

4- Estimate ihc number of populations in year 2025. 

S' Log in the Internet and do a a-port about the steady increase m (he number of population in Egypt, 
how much it badly effects the national income and the suggested solutions of such a problem 
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Unit summary 

sequence: ll is a function whose domain is the set of positive integers Z t or a subset of it and its 
range is a set of real numbers R w ith regarding the follows: 

> Terms of the sequence are the image of its domain clemenls. 

> The symbol (Tj exptesses the sequence while the symbol T„ express its n* term 

> The sequence is subjec ted to the older of its elements and these elements can be repealed. 

> The sequence is finite if the number of its terms is finite The sequence is infinite if the 

number of its terms is intitule. 

> The sequence is called increasing if T, ,, > T, 

> The sequence is called decreasing if T B t ( < T B 

> The sequence is called constant il all of its terms are equal 

> The sequence is represented graphically as a function throughout representing the ordered 
pairs by separated points on the coordinate plane 


it is the sum of the sequence terms. The summation notation * Z * is used to write the 
senes in a short form . 

> Finite series: it contains a finite number of elements and it is written in the form £ (T ) 

r = I 

X 

> Infinite series: its elements arc countless and it's written in the form L (T) 

r= I 


Arithmetic sequence : it is the sequence in which the difference between each term and the 
directly presume term equals a constant called the common difference of the sequence. It is 
usually denoted by the symbol (d) where d * T B t T n ft* each neZ* 

> The anthmetK- sequence can be formed in terms of its Him tcrmtai and its common difference <d) 


> The relatum between n and T, is T # = dn ♦ b w here d and b are two constants and d is the sequence 
common dillcrcnce. This ts a liner relation and it can be graphically represented by a set ol points. 

> The sequence is increasing if d > 0 and is decreasing il d < 0 

> The n* term of the arithmetic sequence (T^) whose lirsl term a and common dillcrcnce d is 
given by the relation : T„ = a ♦ (n - I) d 

> If a . b and c arc three consecutive terms ol an arithmetic sequence, then b is known as the 
arithmetic mean between the two numbers a and c where b a — 
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> Several arithmetic means can be insetted between two numbei to form an anthmetic sequence 
and the number of the sequence terms ■ the number of the means +2 

> The sum of the First n terms of an arithmetic series: 

Kirs!: in terms of its First and last terms: S . = JL (a ♦ f) 

■ 2 

second: In terms of its First term and the common difference : S « — |2 a + <n - h d | 
Geometric sequence: The sequence (T # ) where T R t 0 is called an arithmetic sequence if - j — 
= a constant f<» ne Z t and the constant is called the sequence common ratio and is denoted \>y 
the symbol (r) 

> The n lh term of the geometric sequence (T R ) whose Fust term a and common ratio r is given 
by the relation T R = a * r*' 1 

> If a , b and c are three consecutive terms of a geometric sequence, then b is known as the 
geometric mean between the two numbers a and c where b = ± c' ac 

The relation between the arithmetic and geometric means: 
r The arithmetic mean of two different positive real numbers is greater than their geometric mean. 

> The arithmetic mean of two equal positive real numbers is equal to their geometric mean. 

> The sum of the lirvl n terms of a geometric senes: 

Hrst: in terms or its First term and common ratio : S = — *— 1r " ) . r * I 

I *r 

Second: in terms or its first and last terms: S „ = _ f [ . r * I 

I-r 

The infinite geometric sequence: has an infinite number of terms and it has a sum if 

Id < I 

> Th sum of the inf mite geometric sequence S , * 8 , r # I 

l-r 


k @ timtlmeni imormation 


Please visit the following links. 
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General exercises 


\ 


/ 



(l) Find the solution set for each or the equations in R: 


a • 3x • 4 = 0. b t + — = 3. 

x 

X Find the solution set Tor each pair of the following equations in R : 
a jr + 2y*5.2jt-y*5 b a-ba|,a + 2b*IO 

« t-y = 2,xy = 3 d 3a + 5f«2l .2a-7f.-l7 

X Factori/c each of the following thoroughly: 
a ar at ^y+jt^-Zjty 

< a + ar + ar < l+f + H + r’ 


4 ) Find the volution set lor each of Ihc following equations and inequalities m R: 


a 2*’ 1 = - 
8 

« 2 1 > 7 


1 2 f 64 

d ({ )"* 2 <OjOI 


C om pari sons: Show the aspects of similant) and difference berw cc each of the follow ing: 
X Sequences and senes. 

il The n* term of the arithmetic sequence and the n* term of the geometne sequence 
X The sum of the arithmetic series and the sum of the geometric senes. 

Short answerd questions: 


Find the value of the fust term (a) in each of ihc following sequences and series: 

The anthmetic sequence m which : d * 3 . T= 32 
X The geometne sequence in which : r = ; , T = ^ 
to The arithmetic series in which: d = 6. the first S |6 = 128 
$i The geometric series in w hich : r = 2 . ihc first S, = 255 
U The geometric senes in which: r = ^ and x s =128 
Multi answered question: 

13 Wntc down three sequences so that one of them is anthmetic. the second is geometne and the 
third is neither anthmetic nor geometne and each one of them starts as follows: 2. 6, 

J4 Write down three geometric sequences such that the first term of each is 16 and the first 
sequence is increasing . the second is decreasing and the third is constant, then find one of 
these infinite sequences. 
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l£ Wine tkrnn the geometric senes 64 ♦ 32 ♦ 16 ♦ in two different ways using (he summation 
nnulwn. 

16 Justification: when does the geometric senes have a sum and when it doesn't have a sum? 
Justify. 

Life application: 

Long answered questions: 

1^ If (15 . 3k ♦ 2 . 4 k - 5 , ) form an arithmetic sequence, then find the value of K. 

IS Find the arithmetic sequence whose sum of its filth and tenth terms equals 20 and its seventh 
term is 3 limes of its fourth term . 

l£ Find the arithmetic sequence whose twentieth term equals 41 and the sum of its thud and 
sixth terms is greater than Us ninth term by a unit. 

20 Find the geometric sequence <T 0 > in which T, = 5, ^ . 

U II a. 2b, 2c and 5 d are positive quantities in an arithmetic sequence, prove that : 
2<b : + c J )>ac ♦ 5 bd. 

22 An arithmetic sequence in which T,, * 3K ■ 245. find the sum of the fust fifteen terms. 

Jt An arithmetic sequence in which the sum of the nineteenth and twentieth terms equals 144. 
and the sum of the twentieth and twenty first terms equals 152. Find : 

a The twentieth term . 

b The number of terms necessary to be taken from the sequence starling from the first 
term to make the sum equal 160. 

24 Find the arithmetic sequence whose terms are positive, the sum of its first lour terms equals 
50 and the product of its second and third terms equals 150. then find the sum of its first 
fifteen terms.. 

23 Find the geometric sequence whose terms are positive, the sum ol the first twelve terms 
equals 273 times of the sum »r Us first lour terms. Find its common ratio if its eight h term 
* 640. 

26 It the sum ol the first seven terms of a geometric sequence is f, and the sum ol the next 

*rvr 

seven terms is m. prove that the sequence common ratio = jf— 



For more exercises, please visit the website of Ministry of FaJucation. 
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Counting i% an important part of the hasic >iilK in mathematic* We regularly face a k* of pnMcfti* 
need lo he solved W\: need to do counting operations in deferent ways to solve them In this unit, we 
going to identify different strategies hn counting such as the fnndamentaJ counting principle and 
most important applications of it: 

Permutations They are used to know the number of methods used to order the elements of a set with all 
possible methods 

Combination*. They mean to choose disregarding the order 

Scientists such as Omar Allhaiam. Isac Newton and pascal had played a great rok in this field which is 
still ongoing ap to day 




Unit objectives 


the end of the unit and doing the activities involved , the student should be able to: 

Identify the cimting principle and tunplc the the computer lo cafculalc each of pcvuMtatem* and 
applications on it toantanatinfit 


identify an intvodutiioa about the pennuution and 
uunhuuAxvi nl ihc fdatea between them 


a 

\ t 
) t 

{ t 

) f 


Key terms 



l fanotyi 



e CM* 
t Cen*e 
e Wta* 
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Unit planning guide 





























| We will learn 

» Th» concept of count 
ing principle end simple 
epplketiom on It 

» Fundamental counting 
principle 

» Conditional counting 
pnncipie 


P 1 Key«term 

> Fundamental Counting 


» Operation 
• Tree Oegrem 


M atria Is 


» Sclent#* Calculator 
» Graphic program 


Think 


dlicuftft 


H<w many way* air their k> 
chouse, if aiv asked ki wear a 
t shirt and a pan ol pants otit ol 2 
t-shirts and 3 purs of pants 1 

Example 

l How many ways arc there 


T shirt B T shirt A 

♦ t 

n n r 


lo choose a male student out 
ol three students (Arhnf • Pants x i 

Mohamed - llassani and a 
female student out of two students (Samar - Mona)'? 

O Solution 

In this example. »e find that it is easy u> know the number of ways 
of choosing. Foe example, we can choose Ashraf. Samar or Ashraf, 
Mona or Mohamed. Mona or Hassan. Samar .. etc. We arc going to 
express that by the follow ing graphical diagram called tree diagram: 


Male Undent* 


Ashraf 

Mohamed 

liman 

The number of ways to choose a male student out of three students 
= 3 ways. 

The number of ways hi choose a female student out of two students 
= 2 ways 

Number of ways of choosing * 3 * 2 ■ 6 ways 

H Try to tolvt 

yly In tM«k and diaeuaa How many possible ways of choosing are lhere ’ 

Example 

2 How many three- digit numbers so that the unit digit is from the 
elements {3,7} the tens digit is Inim the elements {2,4,9} and ihc 
hundreds digit is from the elements is {1.5} arc there? 


I Umalc tliMknti 

Choice 1 

Samar 

Ashraf - Samar 

Mima 

Ashraf • Mima 

Samar 

Mohamet!- Samar 

Mima 

Mohamet!- Mona 

Samar 

llansaii* Samar 

Mima 

llacvsan* Mima 
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-- - -v _ Counting Principle1 2 ~ 1 ^ 

O Solution 


i 1 >■ 1 ' ■ . 



from the tree diagram. »t find that: 

The number «4 ways to choose the unit digit • number of ways to choose tens digit • number of 
ways to choose hundreds digit *2*3*2= 12 ways 
The previous examples support the following definition: 

^ L««rn 

Fundamental Counting Principle 

Definition: If the number of ways to perform a certain task is m, way , the number of ways to 
perform another certain task is m : way and the number of ways to perform a third certain task is m, 
way ami so on .... then the number of ways to perform these tasks together = tn, ■ m, * m, * ... * m B 

Exampl* 

3 How many ways can khaled have a meal out of three meats (Liver • chicken - fish) and a 
dnnk out of three dnnks (orange • lemon • Mango)? 

P Solution 

Number of ways to choose a meal ■ 3 ways and the number of ways to choose a dnnk= 3 
ways. 

The lolal number of ways to choose = 3 * 3 = V ways. 

Q Try to solve 

X A restaurant presents 6 types of pies. 4 types of salads and 3 ty pes of dnnks. How many 
meals can the restaurant present daily so that a meal includes a type from each of pres, salads 
and dnnks? 

?) ■irnmpfa Conditional Counting Principle 

4 How many different three -digit numbers can be formed from the numbers <0.1.2, 3.4}? 


Student book - Second term 


Al Aatvaaf Pooling House 


53 



















Permutations Combinations. 


X 




O Solution 

Stan with the conditional hundred-, digit (Zero can't be used left side) 


Number of w ays ol choosing the digit in hundreds 
digit = 4 


place 

hundred tem onr» | 

No of Wiyi 

■um 


Number of ways of choosing the digit in lens 
digit = 4 


Numbet of ways of choosing the digit in unit digit * 3 


The total number of ways of choosing = 4*4*3 = 4X ways 


Q Try to *olvo 

'll How many ways can a dillcrcnt four -digit number be formed from the numbers <2.3,4,7}. 
so that the lens digit is even. 


Exorcl*** (2 • 1) W> 

Choose the correct answer: 

30 The number of ways of sitting 4 students on 4 seals in a row equals : 

• I b 4 + 4 c 4*4 d 4*3*2*1 

^2, The number ol the dillcrcnt two-digit numbers taken Irom the numbers { 5.3,0,2} equals: 

• 3*2 b 4*2 c 3*3 d 3x4 

X The number of the different three-digit odd numbers taken from the numbers {2.3. 6. 8} 
equals: 

a 8*6*3 b 4*3*3 c 4*3*2 d 2*3*1 

'4 How many three -digit numbers can be formed Irom the elements {2, 3.5}? 

30 How many dillcrcnt lour ■ digit numbers can be formed from the elements <2.3.6,8) so that 
the unit digit is 6? 

[t>] The licence plates of cars in a govemorale start with three letters followed by three digits 
except Zero. How many plates can be got assuming that there is no repetition for any letter 
or digit in the licence plates ’ 

( 7 ) How many dillcrcnt three-digit numbers can he taken from the numbers {2,5. 8.9) so that 
these numbers are less than 900? 

8 II you know that the set ol the numbers ol mobile networks in a country is made up ol an 
eleven-digit number. If the number (025) is constant on left side, find the greatest number of 
phone lines which the mobile network can stand. 


54 


Pure - Sccund form kohmUo - Sctcficc-svclitMi 


2010 - 2020 







Unit two 


ftctioeial of a Number - 
rermuianons 


2-2 


TMnh and discuss 


Httwhat you learned In the previous lesson to answer the following 
questions: 

1) Mow many ways can 4 students sit on three seats in a row? 

2) How many ways can 5 racers stand on the edge of a swimming pmd 
to jump ? 


vf? L ** r " 

f Factorial: The factorial of a positive integer n is written as LE. 
and equals the product of all the positive integers which are 
lesser than or equal n where: 

UL* n(n -1)(n - 2)... 3*2*1 


Notice that 

> When n = 0 then UL = I > When n = I then Li. = 1 

> Li = 4*3«2*1=4 Li., 

Li = 6.5-4.3*2*1 =6LA. 

In general: Lis I where neZ' 

Example 

I • Find 7 ==- b If l_n_ * 120 lind the value of n 

I » 

O Solution 

110 |o * 9LIL 

• 7T^= ■ O = 10 x 9 s 00 

L2_ I_ — _ 

b LE. = 5*4*3*2*I LE. * li. then n * 5 


Q Try to sol vo 

<t) Find: • 


Lli 

Lil 


b 


L2- Lg_ 
LA_ ll 


^ Example 

2 Find the solution set of the equation - -j===- = 30 
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Unit two* Permutations, Combinations 

\ _ _ / 


O' Solution 


an • l> I w - > 


| Try to solve 


*30 


n( n-l) = 6» 5 


Q If ■—— ♦ —=— = - — find the value of n 

Li. l«i± [Hi 

Critical thinking; if: La. = L1L find the value of a. 


n = 6 


Permutations 

Introductory example: How many way* can dillerem three-digit number* be binned then the 
*et of number* {2.3.5} ? 

The number* are: 532.352.523.253.325, 235. Each number of these numbers is called a 
permutation of the number* 

and it* number = 3 ■ 2 ■ I and i* written a* ‘p, and i* read a* ( 3 p 3). 

The following table illustrate* that: 



So. the permutation for a number of objects 1 * to put them in a certain arrangement 

f Thc number of permutatMin* of n different objects taking r at a time t* denoted by the 
symbol *p ( where: 

“p,= n(n-l)<n - 2 )~(n-r«l) where r<n. rc N. neZ 


*P 0 «> 

For example: 


► '■p, = 6 * 5 ■> 4 * V ‘ 2 ’ 1 = 4==- 

, 4 ** 2 *' ^ 
N) ■ —— 

^ 16 3 

front the precious , we deduce that: 


> 7 p , = 7*6*5*4«3 k|^4 * ^=- 

2* I (Li 


P. 


wherer € N. ncZ . r < n 



la 


^ Example 

3 Find the value fee teach of the following: 

• >4 b 4 Pt e Vt 

O Solution 

• p 4 «7*6*5*4* K40 
b 4 p 4 ■ 4 x 3 x 2 x | a 24 
e 4 p, = 4 * 3 * 2 = 24 What do you notice in the two phrases b and c? 


Prrmulatiam are de¬ 
noted t>> the symbol 
*p r ia the calculator 
ie me the but- 


ShO • 


To cal- 


calale the value of 
*p, by the calculator, 
press the follow lag 
buttons cousecuti* eh: 

The amwer = 21 
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Factorial of a Number • Permutations 


2-2 


J 


Q Try to so two 

j' Calculate the value of the following: » ‘p, • **p, b 

Pr 

^ Csample 

4 Find the number of the diffeteni ways, for 5 students to sit on 7 seals in one row. 

^ Solution 

We have 7 seals. Among the 7 seals. 3 should be selected each time 
Number of ways = ? p < «7*6x5»4*3 = 2520 

t'se the calculator: 7 sum * '"S' ) Cfj * 

Q Try to so No 

( 4 ) How many words can be formed Irum Five different letters? 

Bwompio (Arranging (ordering) in a circle) 

5 How many ways can 4 petsons sit on 4 seals in the form of a circle ? 

O Solution 

In this ease . the first person sits in one way. second person sits in three ways, third person 
sits in 2 ways and the Iasi person sits in an only way. 

The number of ways of their arrangement = 3*2*I=LL = 6 


Critical thinking: Can you deduce how many ways n of persons can be arranged in a circle? 


Q Try to Mho 

^ How many ways can 9 persons in 9 scats be arranged in the lorm of a cuvlc? 

% hmipii 

i> If T p, = H40. find the value of l f 4 

O Solution 

Start by dividing the number 840 by 7. then divide the quotient by 6. then 
div ide the resulted quotient by 5 and so on till you reach number I 

Number MO = 7x6"5*4 = T p 4 

T P,* 7 P4 •••»■* 


R40 

120 

20 

4 


7 

A 

5 

4 


I 


FI Try to Mho 

(f) If “*p r , a 504. find the value of ll_li 


Critical thinking: 1) Find the value of: 7 p 7 , L2_. " hat do you notice ’ 
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—^ Unit twot Permutations. Combinations /- 

S I 

mz Eanrcises (2 - 2) m 

Choose the correct answer: 

CO Him many ways can a president and vice president be selected from a 12 - member 

committee? 

• 2 b 23 c 66 d 132 

Cl) If *p r = 60. then r equals: 

• 4 b 3 c 2 d 5 

CO If "p» - • 20 then the value of n equals: 

• 6 b 5 c 4 d 3 

CO The number of w ays to arrange the letters of the word HELP equals: 

• 4 b 9 c |0 d 24 

CO The number of ways to select a different two • digit number of the set of numbers {3. 4.5.6} equals 
i4X 630 c |2 d 4 

0 The number of ways to arrange 7 children in a circle equals 

• I b 7 c 720 d 5040 

CO A phone number is maslc up of K places 

c should be a number of 3.4.5. H while the test of the digits arc made up of any unconditional 
digit. How many different telephone numbers are available? 

• 499999 b 4000000 C 4999999 d 10000000 

•C How many ways can Hossam have a meal oui of three meals (Kofta • chicken ■ fish) and a 
drink out of two drinks (Juice - soft drink)? Represent it using the tree diagram. 

(9) Him many ways can a two -digit number be formed from the numbers 1, 2, 3, 4? 

JO How many ways can a different two -digit number be formed from the numbers 1,2.3, 
4? 

11) How many ways can a different two -digit even number be burned from the numbers 

1.2.3, 4? 

12 How many ways can a committee of a man and a woman be formed Irom 3 men and 
4 woman? 
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Factorial of a Number • Permutations 


2-2 


^ An Ice-cream shop offers three si/cs (small - medium - largo and five flavors 
(sirawbcny . mango, lemon . milk, chocolate ) 

How many ways are available to buy an ice -cream cone? 

14 From the set of the letters {a. b, c . d. c . f}. find 

• Numbet of ways to select a letter 
b Number of ways to select two letters. 

1$ Find the value of the following: 

• LZ.; Li. b 3L2.-LL c y,* n 

d y, * y 2 • y, * y. 



* 7 i\> ♦ 7 p? 


16 Find the value of n which satisfies the following: 

I 0 ♦ I 

* La. ■ 24 b -—— = 42 

>■•1 


c 'y, = 2730 d X *Pi * "P; =» 

17 Find the value of n if: 

• y # »210 b nL2n l«12 

18 If X = 14 * •’ J p, find the value of n. 

ts Find the number of ways to select a president, vice president and a secretary out of a ten- 
person committee. 

20 H<m many ways can the physical education instructor chotvsc three students (one alter 
another) to participate in the teams of soccer. basketball and volleyball lespecttvely from 
eight students? 

Prove that: j===-* " : p : 


m 


Activities 


1- If x = {2. 3. 5.7. 9} 

■ Him many ways can a different two-digit number be formed from these numbers ’ 

b How many ways can a two-digit number he formed from these numbers? 

c How many ways can a different three-digit number be formed from these numbers'? 

d How many ways can a different three-digit number less than be formed from these 
numbers? 

• How many ways can a different four-digit numbet whose unit digit is 2 be formed from 
these numbers? 
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Unit two 




\ OmMnatkms / 

\ _ : _ / 


W« will learn 

♦ Ih# c oocppft of com 
binotsoro and umpfc 
4ppttctf<wn on f hem 

• P*fC»rttit*ngfe 


* 


Ktytirm 


* Combmatiom 

► Elements 

► Order 


► Subset 


Introduction 

TWo clubs of a (bar - club vet { a 
. b. c , d) arc to be selected for a 
soccer match, then the possible 
permutations are: 

(a. b). (a, c). (a, d), (b. a). (b, c). 

(b. d). (c. a), (c. b>. (c. d). <d. a), (d. b). (d. c). 

From the previous data, we notice that selecting (a, b) is different Irom 
selecting (b. a) and so on... 

If we want to select from the previous disregarding the order, then all 
the possible choices are: {a. b(. {a. c). {a. c). {b. c). <b. d}. {c. d}. and 
each choice of these choices is called’ Combination" 

Combinations 

f Thc number of combinations formed fn*m r of objects 
chosen from n elements at the same time is *C r where. 
r< n , re N,ne Z* 



Matrials 


► Scientific cakiijtof 
• Compute* 


o: 


1 ombliuitiovi can be 
written In tbe form 


ofT = 


<?> 


In the previous introduction , we find that: 

the number of combinations of two elements taken from four dements 
is denoted by the symbol 4 C, and is read as (4 c 2) or by the symbol (* ). 
In the introduction above, we notice that the number of ways of choosing 
* 6 ways 

U.:<C,= * p i.= 6. 



L2_ 2*1 

^ Example 

1 Find the value of each of the follow ing 


• C t 


b C, ( what do you notice)? 


^ Solution 

a 'Q — Si - 7 « 6 » 3 « 4«3 _ 
' L 5 _ 5 * 4 * 3 * 2 * I 


7 C,= 4^ = 2I 

* 2* I 
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We notice that: C } = C, (5 2 = 7) 


Important corollaries: 
I] Try to solve 



Ljl 

LlL!L_l 


•C = "C 

r »r 





Combine tions 


2 


3 



Find the value of ‘<? 9 : |T C |4 without using the calculator 


Activity 


Using the calculator 


The buttons ♦ can be used from left to right to wntc the symbol of combinations* n C r ) 
1) Use the calculator to find the value of *C 4 ♦ 7 C 2 

fy Solution 

Press the following buttons consecutively 

start -* (5 =»r ♦ 4 ♦ 7 •> ♦ I - 


The sum = 26 


(^^1 Example 

<i ii „ 

O Solution 

.. 9r -»C 

• -17 

either : r = 2 r - 47 Lc.: r = 47 

it is greater than the value of n. so it is refused. 

or: r » 2 r - 47 = 28 .% 3 r = 75 


r = 25 


Q Try to solve 

'2) If : *C t = *C, f 5 . then find the value of r. 

(£) Example 

3 How many ways can a lot* - person team be chosen from a 9 - person set? 

O Solution 

So that the choice disregards the order, then each choice is called a combination 

9_ 

Numbci of chokes = *C 4 = j-^- = 126 

Q Try to solve 

3/ 7 people have panicipated in a chess game so that a game is held between each two players. 
How many matches arc there'.’ 
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—v IWt two* Permutations Combinations /--— 

S - § 

Example Counting principle 

4 How many ways can a committee of two men and a woman be selected out of 7 men and $ 
women? 

^ Solution 

Number of ways to select 2 men out of 7 men * 7 C, = 21 

• * 

Number of way* to select a women out of 5 women * C *J 

According to the counting principle, the number of ways to lorm the committee a 21 * 5 * 105 ways 

Critical thinking: How many way* can a committee of 4 men and 5 women be selected out of 
6 men and 5 women ? 


Q Try to solve 

cC How many ways can a five-member committee formed from 3 male students and 2 female 
students be selected out of a class contains 10 male students and X lemalc students'* 


3P 


Activity 


Pascal's triangle 


Blaise pascal (1613 - 1662): 

Blaise pascal is a trench philosopher, mathematician and physicist. He 
had slated the theory of probabilities and designed a tnangulat array 
ol numbers called pascal's mangle in calculating the probabilities. 
Funhcrmorc. he had invented a calculator to perform the addition 
and multiplication operations 
Cheek the opposite number triangle, then answer the following questions 
1 - What do you notice about how numbers aie written in this mangle? 

2' Is there a rclatim among the number 
of elements of each row and the row 
directly next to it? 

3- Is there a sy mmetry among the numbers 
existed on ihc two sides of the triangle * 

After performing the activity, we can 
notice that: 

> hirst row; represents ( n = 1) of the 
elements taken off from r = 0 or r = I 

So: 'C 0 =l . 'C, = I 
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> Second row : represents (n = 2) of the demenu taken off from r »Oor r *1 or r * 2 in each tune. 

then: I. *0, «2, ^Cj =1 and so on, 

As we notice that: 

> Each nm starts with one because “C,, = I . and ends in one because *C n = I 

> Each number in any row except for the first row equals the sum of the two numbers located 
above it in the row directly above tl. 

> In the third row . we find: I , I ♦ 2. 2 ♦ I, I 

> In the fourth row , we find: I , I ♦ 3 , 3 ♦ 3, 3 1,1 and so on. 

> There is a symmetry about the number located at the middle of the row (if n is even) 

> There is a symmetry about the two numbers located at the middle of the row (if n is odd) 

> This coincides the previous relation *C ( = f 

Application on th« activity: 

Prose Hurt: - 5 C, **C 4 = 2* 
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—s. UNI (wot Permutations, Combinations / — 

^ - - I 

w>z hMhn(t«1| 

CImkm: the correct answer : 

(l) The number of w ays to ctnxwc 3 people out of fise people equals 

• 15 b |o c 20 d 35 

' 2 ' The number of ways to answer 4 questions only out of a 6 - question exam equals. 

• 30 b 15 c 24 d 10 

j' The number of ways to choose a red bail and a while ball out of 5 red balls and 3 white balls 
equals 

• 15 b 8 coo d 2 

Answer the following questions: 

( 4 ) Calculate the value ofV,. V,. l2 C u and ,00 C 0 

( 5 ) If "C,* 120. find the value of "C^ , 

(tfc) If " 'C 4 = ^ K y find the value of n. ( 7 ) If "C, = \ 30n. Iind the value of n. 

• ' How many ways can a five people committee take the majority of a decision? 

* How many ways can a five - student activity committee formed from three male students 
and two lemale students out of a class coolants 10 male students and 8 lemale students? 

!jo Write in terms of permutations each of: 

• Ky b nc 2 

^ Use the form V, to write each of: 

a b >1. 

LL _ LL 

ActivttiM 

You have previously learned that the diagonal of a geometric 
figure is the line segment connecting two non-consecutive 
vertices and you also knew that: 

The number of the triangle diagonals = zero 
The number ol the quadrilateral diagonals a 2 
The number of the pentagon diagonals = 5 
Can you find the number of the diagonals of the following 
figures: 

1) Hexagon, octagon and decagon. 

2) Can you use combinations to write the rule by which you can find the diagonals of any 

geometric figure? Check with your instructor using internet 




e *0 d *c, 7 

c d 

LL UL 
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General exerases 


Unit summary 

Fundamental counting principle: If the number of ways to perform a certain task equals n way an 
the number of ways to per lot m another task equals m way. then the number of ways to perform 
the first and second tasks together = m * n ways. 

Permutations: If X is a set of n - elements, then each order lor Mime or all the elements of this 
set is called a permutation. 

Let X be a set of n-elcmcnts. then each order of r-elcmcnl can be formed from the set X is called 
a permutation where 0 < r < n and the number of the sub-permulalions formed from r element 
taken off from a set of n elements ts denoted by "p r (and read as n p r) 

Theory: The number of the possible permutations from a set of n • elements equals n(n -1 M n • 2) 
... * 3 * 2 * I the previous product is denoted by the symbol and read as (factorial of n) 

Combination*: If X is a set of n- elements . then each choice of t- elements where (0 < t < n> 
can he taken off from the elements of the set X disregarding the order is called a combination. 

> The number of possible combinations formed from r element and taken ofT from n element 
is denoted by the symbol *C r (and read as n C r) 


@ Innrluneni Iniormanon 


Plca.sc visil the following links. 
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General pvtiim* 


\ 



Choose the correct answer: 

CO The number <*f ways to form a different thice -digit prime number iff the set of the numbers 

3.4. 5 is. 

• 6 b 3 e | d zero 

'l) The numbci iff ways to form the number 5476 from the numbers 4.5.6.7 is 

• 24 b |6 c | d zero 

X The number of ways to form a 3-dtgil number of 5 numbers except zero is 

a 5*4*3 b 5*4*3 c 5*5*5 d 3*2*1 

CO If 'be letters of the word CAT arc used 10 wntc a different three- letter word, then number 
of the words resulted equals: 

• 3 b 6 e 9 d | 

CO X equals 

a 9*8*7 b 9 *8*7*6*5 *4 « 11 d f*. 

CO Find 

■ ^* ? C i > 5 C j * 5 C,* 5 C 4 * , C 5 

b sq,.*,♦ W*V*Cs 

CO Find: *p» ‘ ®IV *Pi 

8 5 points are on a plane so that there are not any three pmnls on a straight line. How many 
triangles can be formed fnim these points? 

X How many different three -digit numbers can be lormed from the set of numbers {1.2. 3.4. 

5,6}? 

10 f ind the value of each: 


a 

Lg_ 

b L« . lL • L=_ -li 


HOP 

c 

UL 

d \±.\± 


L3L 

• 

L!_ 



LS_ 
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Accumulative test 


ft If **{-2,-1,0, 1.2.3) 

and / * {{a. b): a / b . a . bu(, find the number of / element*. 




U Find the salue of n In each of the following cases: 


• lJL«720 
e «C bJ «2* 

I n |n ■ I 


b n I 2 " - 1 »60 
d ' * 2 p 4 = 56**p, 

. W m 

' P.-M c . 


If you can not answer am of these questions . sou can use the following table: 


Question no 


Raik to 


ca 

Iflfffl] 

i g. 8 g. 8 g. 3 g. 


I 

£ 


1 


8 9 10 II 


If 5i 

* 6 ~ - 


i s g. 


1 

£ 


12 


I lHAillial 

F«* more exercises, please visit the website of Ministry of Education. 
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Unit preface 

Isaac Newton (IM2 - 1727) had invented calculus and I citvm/ I IMr» - 1716) hud competed him 
independently The result was tlul the ditlcremration or derivation had been originated to he related lo 
the problem of finding the tangents of curves and to calculate the maximal and minimal values of the 
ftutcltoits of pure mathematics or I unctions tixxlcling social and economical problems . I -or uucgiiiinm. 
Newton had considered that it is a reverse operation of differentiation while 1 eihcni/ considered it a limit 
i4 summations Hr letter S Hi express wicgialum from summation is related lo liim, then the letter S 
is changed into the letter know n currently / which is closer to S. Calculus has Keen developed by many 
scientists such as Berkeley. I arrange . laplace. (iauss and weicrstniss and tlie pnvess ol hi venting the 
analytic geometry has helped to develop calculus 


Unit objectives 

B) the nut ol the unit and doing Us wrtis ilies , the Ouiftrvil • bow id hr at dr to: 


Identify I he concept of the function of variation, 
average rale of change and rate of change 


• Deduce the first derivative of the function 

• Identify the geometric interpret*u»n of the first 
derivative (slope of langent). 

• Investigate the dtffcrcntiahiltfy of the function inghi 
derivative left dcrivalive) 

• Deduce die relation between datTcrculiatiuu and 
continuity 

+ Deleraiinc some diftcteni ration rules 
a Derivative of the constant function 
t Derivative of the fwKtiia/ /(i) - i* 

> Derivative of the function/ :/(*) = x 

> Derivative ol the function/ /<*) = a j" 

i Demause of the sum or the difference tvtwecn 
two functamv 

I Derivative of the pndwl of two funclxm. 

I Dens alive of the quotient of two function* 


l Derivative of the comp wile function chain rule 
» Derivative of Hr function y * 

> Den van vc of the tngiuasmetnc functions 

• He the derivatives m gcomctix applwatams wkh 
as fading the equation* of the tangent and the 
normal of a curve at a poml on it 

• Identify the concept of integrant w autidens alive 

• Identify and deduce the foHonmg integration 
rales: 

* /**da« ♦€ where• / * I 

i /a/(s)d**a//(i)h i whrtr i»i ivuaiat 

* rtiNd ji «//U)llt/dlMi 

* /(sa+tfdfB ^ J h (aa^hfUc whrrrnd I 
l / Mim d i • 1 cot utf where ibi cornual 

l /(miidt » — «ma« + (' where auai\wtftant 
I /tec* a i das ( lan a s ♦ C where a is a on slant 

> //tOlftdPdaw^ljI/iifl^UC 
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Key terms 

I Yanulxm 

t Average Rmc of < lunge 
( Rale of Change 
e l ut Derivative 
5 Left Derivative 
I KiglM Derivative 
I I )ifltrcn nation 


( DiflcnnrfuMc IimkIkki* 
£ Product 

I (Jy»»ticnl 
e Ouin Rule 

Tngnfmmcmc lunctiont 
I Imcgmiiti 
£ Antkknv«njvc 


Materials 


Lessons of the unit 


Scientific calculator ('ornpulcr 
< rraphical program. 


I vsmwi (3 - I); Kale ol change 
Ianmui (3-2): Differentiation, 
ksviii (3 - 3): Rules of differentiation 
lesson (3 - 4): Derivative* of trigonometric 
tafUon 

Iessiwi (3 - Sy Ap|>l»c»lKVi% on the derivative 
I esMwi (3 - 6): Integral inn 





rstjl . ,, g§ nia 

L>Hfer»nT»^tw iiry 


TN# relation beteun 
dtffecMrtlatton and continuity 
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Unit three 


3-1 


Rate of Change 


| You will l«im 

* The concept of the tunc- 
t»on orf variation 

♦ Th# concept of the avet 
age rjdc of change 

» The concept of the rale 
of change 


• } Key terms 

• Function eft Variation 

• Average Rate of Change 

• Rate of Change 


Think and discuss 


If a table tennis ball and football fall down from the same height and at 
the same times disregarding the effect of air resistance, which ball w ill 
hit the ground first ? Explain. 


Differentiation interests in teaming the change occurring in a variable 
as a result of the change of another variable. The change occurred in 
the time of the ball motion (U -t,) leads to a corresponding change in 
its velocity (v 2 - Vj). so the average rale of change of velocity can be 
o*npared in regard to the time unit of the two balls by calculating the 


Function of Variation 



If/: |4. l>|--& where y = /(*). then any change in the value of x 

from jt, lo t, in the domain of/ corresponde a change in the value of y 
from / (x,) to/(x 2 ). thus: 

lire amount of change in x * A x (read as Della x) * x 2 -x,, 

The amtwnt of change in y ■ Ay ■ /(x,) -/(x ( ) 


Kf~rtwiili 

» ScentAr calculator 




Let (x, ./ (x,)) be a point 
on the curve of the function 
/ then each change in its x 
coordinate from x, lo x, = 
x, + h where x, + h e ) a . b| 
and h / 0. A corresponding 
change occurs in its y 
coordinates and il can be 
identified by the relation: V(h) =/(x, ♦ h) -/(.*,> 

the function V is called the function of variation in / when x 

Notice: Both symbols A x or h represent the change in x 



= x, 
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Rato of Change 


3-1 




Examplt 


1 ir/(x) = ir 2 ♦ ^ - 2 

and x varies from 2 to 2 + h. find (he function of variation V. then calculate the change in / 


when: 

• h = 03 b h 3 *0.1 


^ Solution 

v/(x) = 3 x 2 + x - 2. jr varies from 2 to 2 ♦ h 
x, * 2. /(2) = 3*4 + 2- 2*12. ihcn : 

/(2 + h) = 3(2 + h) J + (2 + h>-2= 12+ l2h + 3h*' + 2 + h-2 

= 3 h- + 13h + 12 

V<h)=/<2 + h>-/<2) 

= (3h : + 13 h+ 12)- I2 = 3h 2 + 13 h 

• when h = 0.3 b when h = - 0.1 

V(03)-3<0.3) 2 +13 *03 V(-0.l) = 3(-0.1 )r ♦ I3<-0.1) 

■ 4.17 =-1.27 

Q Try to soivn 

yly If f(x) = or - x + I . find (he function o! variation V' when x = 3. then calculate: 

• V(03) b V( - 0.3) 



Average Rate of Change Function 


By dividing the function of variation v by h where h / 0 . we get a new function a called the 
average rate of change function in/ when x ■ x, where : 

Mh> _ vtfo _ /u, + b>-/(x,) m _Ay_ _ /u,)-/(x,) 
h h Ax 

^ Example 

2 If/: (0. *(-* R. where/(x) = .r + 1. find : 

• The average rate of change function in f when t = 2. Ihcn calculate A (03) 
b The average rate of change in/when x varies from 3 to 4 


^ Solution 

• /(x,)=/( 2) = (2) 2 +I=5 . /(x, + h)=/(2 + h) 

/(2 + h) = (2 + h) 2 ♦ I = h : + 4 h ♦ 5 
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Unit threw Calculus 


^ * 

♦.-Aft)- /»■♦»•/<*«> 

h 

/.A(h)a!L : * 4 ^t s> sh»4 then A<0.3) = 43 
h 

b when i varies fmm 3 ic> 4 then 4t, = 3. x 2 = 4 
and/(3) = 9 + I = 10, /(4) =16+1 = 17 

Average rale of change = 1^0 = ^ = 7 

Q Try to oolvo 

(jy lf/(x) = jr ♦ 3 t * I. find: 

• The average rale of change function w hen x - 2. then find a (02) 
b The average rale til change when x vane* from 4.5 to 3 


Example 

3 The opposite figure show* the curve of r = / (t) where 
r is the total sales of a computer store approximated in 
millions L.E and t is the time in months. 

From the graph, find the average rale of change in the total 
sales when the tune vanes from: 

* 1 = 4 to t = 8 b | s ft to t a 10 

^ Solution 



■ From the graph : /(H) = 4.4 ./(4) = I 

the average rale of change in/* /W'/W = 4 - 4 -l 1 ■ a 0.85 of million L.E / month 

K - 4 4 

l.e. the average of the total sales increases 0.85 of million LE monthly during this penod. 


b From the graph : /(10) ■ 2 and/(8) * 4.4 

the average rate of change in/ * / ( *jjj / <>>> * * -12 milium L.E / month 

l.e. the average of the total sales decreases 1.2 milium L.E monthly during this pound 

Q Try to sotun 

()' Use the giaph in example (3) hi find the average rale of change in the total sales when lime 
vanes from: 

• I s 4 to I s 6 b | s 6 to I s |0 C I *4 lot *12 
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Critical thinking j 

The opposite figure shows the carve of the function / 
where y = fix). Determine the inters ah in which the 
average rale of change in / is constant. Explain 

££ Uara 



Rate of Change Function 

If/: |a , b( —•Dt where y =/(x) and x,. x, 4 h e ) a . b|. then : 

the rale of change function in/when r, = lim Hh t **>/ W e lim A (h) in a condition the 


limit should be existed. 


Example 

4 Find the rale of change (unction in / when x = x, for each of the follow ing . then find this 
tale at the given values of x. 

• /(x) = 3 jt 4 2 when x * 2 *> fix) * 2 when x = 3 

x-1 

O Solution 

, 2 

• V fix )« 3x* *■ 2 when x ■ x, then /(x,) ■ 3x^ ♦ 2. 

/(x, ♦ h) 2 * 3 (x, ♦ h) 2 ♦ 2 * 3xj + 6X|h43h 2 42 

The rale of change function in/« lim A* i * h> JlLl 

k—• h 

a lim 6 *i h4 3lr M ,i m + 3 m 
h * h b -* 

When x =2 .% x,* 2 and the rale of change in / =6*2=12 


b 



whcnxsx, .then: 


/(x, ♦h)-/(x,) = 


X,4h 


l 


•i 


I 


5_2rj_2.2x.-2h *2 




<x, 4 h-1)< x, 4 hi 


the talc of change function in/ = lim 


• 2 h 

(x, 4 h • IKx, * l> 
/<Xj 4 hi -/(x,) 
h 


= lim _L *_ -2h _-_i?_ 

h—• l> <X|4b l)(x,-l) (x, - I) 2 

when r = 3 x. = 3 and the rale of change in / = —= 

1 ^ (3-1)? 2 


Q Try to toivo 

4) Find the average rate of change function in / whete/(x) 
x, ♦ h, then deduce the rale of change in /when x = 5. 


—1- w hen x varies from x, to 
x-2 1 
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^ Example 

5 Find the average rale of change functn >n in / where / (x) = v' * ♦ 3 when x ■ jr,. then find 
the rate of change in / when: 

• h x -• 2 

^ Solution 

• V/(x)“ /ITT domainof/a|-),oe| 

when x*x,, then :/(*,) = /xJTT . /(x, ♦ h) = V jt, ♦ h ♦ 3 

then 

Average rale ol change (unction in/ * Afh) * /(x , ♦ h> -/U t ) 

h 

- / X| ♦ h + 3 ’ • ^X| + 3 


Rale of change function in /= Ion A(h) * lim - * 1 * h + * ‘ - X 1 * 

h • ho h 


= Inn j x,»h»3 -V x,+3 ±j x ( ♦ 3 

h # h V x, -f h ♦ 3 f V X| ♦ 3 

. In. *' ,h + 3 V* 


I 


where r, > - 3 


2/7^3 

Rate of change in / 


L 


-1 

2/67T 6 

Rate of change in/= — * * ^ 

2 J -2*3 2 


• when x ■ 6 
b When r »- 2 

n Try te solve 

yj’ Find the average rate of change function in / w here / (x) = V x-5 when r=x,. then deduce 
the rate of change in / when x = 9 

Can the rate of change in/ when x = 5 be calculated? Kvpfain 
Life applications 

Q^i Example 

a A piece of stone has fallen in calm water, a circular wave has been formed and expanded 
regularly so that the wave has kept its circular Shopc Find the rale of change in its surface 
area with respect to its radius length when the radius length is 3.5 (If = ** >• 
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Rate of Change 


3-1 


O Solution 

Modelling the problem: 

Let the radius length of the wave = x cm 
Area of the circle a = It x 2 enr 
Then a =/<x) = X r 2 
When x varies from x, to x, ♦ h 

Then rate of change function in a = hm ^* 1 * — 

li —o h 

71 (i. ♦ h) : 71 
= hm _!_L 

h-i I 



, hm (X. ♦h) 2 -x 2 
= n hm —' -l = 2 /r x, 


h 0 


When x = Xj = 33 the rale of change in a = 2 * “ * 33 = 22 


Q Try to molvo 

s' A squared lamina expands regularly keeping its shape Calculate the average rale of change in 
its surface area when iLs side length vanes Irom 3cm to 3.4cm. then calculate the rate ol change 
in its surface area when its side length = $ cm. 


Q*) Example 

7 In a chemical reaction whose a final product is substance a. it s found that the product 
alter t second is given by the relation y*l’ mg. Find the instantaneous rale to produce the 
substance a when l = 2 seconds. 


^ Solution 

Let y */(t) * t*, then: 

The instantaneous rale to produce substance a is the same rate of change in/. 

When t = t,, then the rale of change function in/ = hm /(* + hi -/(}) 

k h 

= hm - 3t 2 

h—• h 

when l = t| = 2 seconds 

.*. the instantaneous rate to produce substance a = 3(2> 2 = 12 mg /see 

Q Try to sotvo 

y) The si/c of a bactenal culture at any time I (measured in minute) is given by the relation 
/(t) * 2t' ♦ 1(10 mg. find the rale of the instantaneous growth of the function/when t » S 
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^ J 


3*1 




( house the correct answer : 

0 If the average rate of change in/= 2.4 when x vanes from 3 to 3.2. then the change in/equals 

• 0.32 h 0.4* e 3.6 d 7.2 

X If the average rate of change in / * 5 w hen x varies from 2 to 4 and /<2> » 6. then/(4) equals 

a. 4 b 7 c g d(6 

X The as et age rale of change in the cube volume w hen its edge length varies from 5cm to 7cm 
equals 

a 125 b 343 c 218 d loo 

X The opposite figure shows the curve of the function f w here . > 

y =/(x). In which of the following intervals the average rale of , * 

change in / is the greatest? / 

• I*.b| b | b .c| / 

c lc.d| d |a.e| 1 

I V 

Answer each of the following: o a b c d e 

X If/(•*) = Jt 2 ♦ 2 x * I. find the sanation in / when 

a x varies from 2 to 2.1 b x - - 2 and h = 1 


X Find the average rate of change function in / w hen x = jr,. then deduce the rate of change of 
/at the shown sallies of x, in the following : 

a /(x) = 2r\ x, = 2 b /(x) = _L±J_ . x .=0 

1 x -1 ‘ 

X Find the average rale of change function in / where/(x) = V x - 3 w hen x = x,. then deduce 
the rate of change in/when x = 7 

a Areas: A squared lamina shrinks by cooling and maintaining its square shape. Calculate the 
rale of change in the surface of lamina with respect Ur its side length w hen the side length is 
8 cm. 

f) Volumes: A metal sphere expands by heating and maintaining its spherical shape. Find the 
rale of change in the sphere solume with respect to its radius length when the radius length 
is 7 cm. 


76 


Pure nuihcmiUlo - Second form tccond*rv - Sc*cnc«.*-*cctif>n 


2010 - 2020 














to Discover the error ; A rectangular lamina its length is twice tu width expands regularly by 
heating so that it maintains its shape and the same ratio among its dimensions Calculate the 
rate of change in the area of the lamina w ith respect to its w idth when the width is 10cm. 


it solution 


Let the width be i. and length It 
Area = length * width. ./(jr) * Ir 


Let length be x . and w idih \ x 
Area = length ■ width :.f U) * \ x 1 


Rale of change * lim 

b# 

/(*, ♦ h) -/(*,) 

h 

D . , . Inn /Car. ♦ b) -/Car.) 

Rale of change ■ h „ ■ 1 1 

x lim 

bo 

2h 42r, ♦ h) 

S 

h U ♦ ^ hi 
- lim 1 2 ~ 

ho h 

s lim 

bo 

<4ur, + 2h) = 4.r, 

« h» (*,♦}&)«*, 

ka * 

when r, = 10cm 


w hen a, = 10cm 

rale of change = 40 


rate of change = 10 


/ 


Agriculture: 

it' if y is the quantity ( measured in kg) which represents the average production of an orange tree 
depends upon (he number of kilograms r of insecticide used to spray the tire according to the 

relation y = 100 • — . calculate the average rate of change in y w hen t varies from I to 2. 

*♦1 

Geometry: 

U A sphere shaped soap bubble expands regularly to maintain its spherical shape. Calculate the 
average rale ol change in its spherical surface area when its radius length vanes from 03 
cm to 0.6cm. know n that the surface area ol the sphere equals 4 /Tr w here r is the sphere 
radius length. 

13 A triangular lamina whose base length equals twice its corresponding height it expands by 
healing maintaining its shape . Find the average talc of change in Us area if its height varies 
from 8 cm to 8.4 cm. 
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Unit three 


3-2 


Differentiation 



| You will learn 

t The first derivative of 
th* function 

• The Mt derivative of the 
function. 

» The right denvatrve of 
the function 

» The differentiability at 
a point. 

» The reiabon between 
differentiation and 
continuity 


^41 Key terms 

• Hr it Derivative 


• Left Derivative 

• Right Derivative 

• Differentiation 

» Differintiabfe Function 


at eria Is 


• Scientific cakuUtuc 

• Graphical programs 



■ 4 ^ Thin*, .nd di. 

1 The opposite figure 11) stkvws 
the curve ol /: |a, b|—» E 
where y = /(x), n> intersects 
il at the two point* C 
/<*,)). D (a, ih./fji. + h)). 

FumJ the slope of the secant (1). 

i let x vanes Irom x, to r, + h. compare the average rate ol change 
(unction in/, and the slope of the secant CD. is the next relation 
true? 

The slope of the sccanl (1) * Ian U * = A(h) 

h 

3 If C (»,./(»,)> is a constant point on the curve of the function/ 
and point D move* on the 
curve so that it gels near to 
point C to Id CD take the 
position CN and become a 
tangent to the curve al C. 
i«.h—>0 

Find the slope ol the tangent to 

the curve of/at C 

Notice; 

The slope ol the tangent at C = Ian H = lun /U t ♦ hi -/<■ if) . found 

he h 

lx.: 



the slope ol the tangent to the curve erf the function / where 
y = fix) at point (x,./(x,)) equals the rate of change in / when 


x*x. 
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Differentiation I 3 • 2 




^ Ek ample 

i Find the slope of the tangent to the curve of the function / where f(x) = lr - 5 at point A 
(2.7). then find the measure of the positive angle which the tangent makes w ith the positive 
direction o! x-axis at point A to the nearest minute . 

O Mutton 

V/(2) = 3(2)* -5 = 7 point A (2.7) belongs to the curve of/ 

The slope of the tangent at (x ■ 2) = the rale of change in / w hen (jt » 2) 

. hm /(2 ♦ h) -/(2) 
h .0 h 


The slope of the tangent 


= tun H2 + h)i-3-7 _ Um 12 * + ** 


Then tan H= 12 


h .0 « 

■ hm (12 ♦ 3 h) ■ 12 

b .0 

0 = Ian ’(12) -85M4’ 


h -0 


Q Try to solvo 

X Find the slope of the tangent to the curve of the function / where / (jr) = r’ - 4 at point 
A (1. - 3). then find the measure of the positive angle which the tangent makes with the 
positive direction of x-axis at point A to the nearest minute. 




Learn 


The Derivative Function 


For each value of the variable x in the domain of / is corresponded by a unique value to the rale 
of change in / , thus . the rate of change is a function in the variable t and called the ’derivative 
function* Of the first derivative of the function or first differential coefficient 

If/:) a .b | —>Rand x e| a , b|. then the derivative function/' : 

|/'(T)- hm /(*♦!»-/« in a condition that this limn is existed, 
h .0 h 


Symbols of the derivative function : 

If y s/(.r). then the first derivative of the lunclion/ is denoted by 
Y ox f and read as * derivative of y " or derivative of/ * 


jUl 

dr 


read as * dy by da * or * derivative of y w ith respect to x" 
Notice that the slope of the tangent to the curve of y =/ (jc) at point (jtj./fjr, )> is/'(*,) 
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J 



2 Find the derivative function of the function / where/Wsr-j+l using the definition of 
the derivative, then find the sh^jc of the tangent at the point 1-2.7) 

O Solution 

v/(x) * jr - x ♦ l 

.*./(x ♦ h) * (x ♦ h) 2 - (x ♦ h) ♦ I ■ x 3 + 2xh + h 2 -x-h'fl. 

/(x + h)-/(x) = (2x + h - I)h 

Y/’(x) = lim /(x + h)-/(x) .*./•(*) = km (2x ♦ h -1) h 

b .0 h h .0 k 

/’<x) = lim (2x + h - I) f\x) = 2x I 


b-0 

V/(-2) = (-2) J (-2)+ 1=7 A point (* 2.7) lie* on the curve of / 

the slope of the tangent at point < - 2.7) =/’ (- 2) = 2( - 2) -1 = - 5 



X If fix) - 3 jr + 4r ♦ 7, find the derivative of the function / using the definition of the 
derivative, then find the slope of the tangent at the point (-1.6) 



Differentiability of a function at a Point 


It is said that the function/is ditTcrenliabtc when x = a (where a belongs hr (he domain of the 

function ) if and only if /’(a) is existed where f\ a) = bm /« ♦ » •/(» 

h .0 h 

If a derivative is found for the function / at each point belongs to the interval | c . d |. we say 
that the (unction is differentiable ui this interval. 

In example (2) : we find that for each ret there is a dcnvaiivc to the function / where 
/'(x) = 2x - I so the polynomial function is differential on & 

^ Example 

3 Prove that /(x) = _i_L is differentiable when x = 2 
x ♦ I 

(y Solution 

V domain of /= K. - {-I} .*./ is defined when x = 2 ./ (2) = * 

2»h-t 1 

/•(2) * lim /<2 ♦ h) -/(2) - hm 2 ♦ h«I v 


h .o h b .0 


b .0 


h 


_ lnn 3♦ 3b• 3• h . | tm 2h 
h .0 3 b (3 ♦ h) h .0 3b<3 ♦ hi 



/is difTcrentiablc when * = 2 
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Differentiation 




Li Try to *o4vo 

$ Ptovc that / (jr) = x 2 - x + I is dillcrrnliablc w hen x = I 

Right and Left Derivatives 

If the function/ is defined when * * a (where it belong* to the domain of the function 1 . and the 
lunction rule on the nght of a Jitters Irom its rule on the lett ot a . we discuss the dillercntiability 
when r = a by finding the nght derivative of the function w hich is denoted by the symbol / '(a *) 
and the left derivative denoted by /'(a ) where : 

The right derivative/’^ ) = ,m \ /<•♦*>-/<•> , k-lt drrivatlve/ , (a)= ,M " /<• ♦>» /<») 

b ♦<» h nh 

The fund ion is differentiable at a if and only if/’ (a*) */'<a ). and the derivative of the function 

is demited by the symbol/’(a ) 

G£) Example 

4 Show that the function / where fix) 1 


jr 


when r < 2 


is not- differentiable when x ■ 2 


x + 2 when x < 2 

^ Solution 

V Domain of / =BL 

The function is defined w hen t * 2 and /(2) ■ (2) : * 4 


ra) = 

/(2 ♦ h) •/< 2) 

• 

/’< 2*) = lim 


h 


h^o 

s Inn 

C + h)*’ 4 


s lim 

ti .• 

s Inn 

h 

4h«lr 


b »o 

s lim 

ti *• 

h 


b *o 

.%/ (2 ) = 

4 


.*./•«♦)* 1 


♦ h 

(2 +• h ♦ 2) - 4 


= I 


V / '(2 *) //'< 2*) / (2)is not existed, l.c the function is not -differentiable when 

jr * 2 


| Try to tehf« 




jr 2 - 5 when jr < 2 


4 Discuss the differentiability of the function/ when x = 2 where/(jr)= 


4jf-9 when Jt >2 

Critical thinking : 

> Discuss the continuity ol the two functions in Example (4) and try to solve (4) and deduce the 
relation between the differentiability of the function at a point in Ms domain and its continuity 
at the same point 

> Is the function / where fix) * U - 21 differentiable when t = 2 ? 
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Differentiation and Continuity 



> It the function / w hoc y ■/U> is differentiable when x =a, (hen it is continuous 
at this point. 


The opposite figure shows that: 

1 • The continuity of a function at a point docs not necessarily mean 
it is differentiable at the same point as in the two functions r 
andg. 

2-|| the function is discontinuous when i = a, then the function is 
not-differentiable w hen i = a as in the function / . 

Important note: when discussing the differentiability of 
a function at a point in its domain, it is 
favourable to discuss its continuity at this point first. If it 
is continuous, we discuss the differentiation and if it is 
discontinuous, then the function is not-diflcrcntiablc 



Example 

S Discuss the differentiability of the function /at x - 3 where fix) = 


D Solution 

Discuss the continuity at x - 3 
<l)/(3) = 7- 3*4 


fix) * 2 »-l 


-X 


-L 


2* -1 w hen x < 
7 - x when x > 

fix)-7-x 

X 


3 

3 


(2)/(3‘)w hm (2 jc- 1)«5. /(3*)* Imi f7-.t) = 4 

i«3 jt-3 

V /(3 ) / /<3 *) Inn fix) is not ousted and / is discontinuous at x * 3 

*.’/ is disamtinuous at x ■ 3 .*./ is not diffcientiablc at x » 3 

Q Try to aotvo 


I x* ♦ 2 w hen x > I 

x = I 

2»+ I when r < I 


(*) lf/(Jt) = 


jt + a w hen x < 2 

is difTerenliable at x = 2 then a ♦ b equals: 

a x ♦ b w hen x > 2 


* 4 


b .4 e .ft d k 
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Differentiation 


s_ 

wc IxtfclMt (3 - 2) 

Answer the following: 

vO Using the definition of derivative, find the derivative of the (unction / where/(x) = jr - 5 
when x = 3 and show the geometric meaning o| the denvalivc of the function when x = 3. 

Using the definition of denvalivc. hnd the denvalivc of the function / where/ (x) = 1 - 5.t 
- 3jt at point (* I. 3). then find the measure of the positive angle which this tangent makes 
with the positive direction of x-axis to the nearest minute. 

Find the denvalivc function for each of the following functions using the definition: 

• fix) = J Jx ♦ 1 b /<*) = -j- 


rx , _ , . f 4 • jt 2 when x < I 

4, Discuss the differentiability of the function f where/( r) = t 

l 2» ♦ I w hen x > I 

's' Find the value of the constant a if the function/ is differentiable at x * 2 where 


/<*)« 


2x + 3 

a x 2 R x • I 


w hen x < 2 
when x> 2 


xx f a r + I when r<2 

6 U the function /where /(x) = { is continuous at x - 2, find the 

\ 4 x - 3 when x <2 

value of the constant a . then discuss the differentiability of the function when « = 2 

(7) If fix) = a .r + b w here a and b arc two constants, find : 

• The first derivative of the function/ at any point ( x. y). 

b The two values of a and b if the slope of the tangent to the curve of the function at point 
(2. -3) lying on it equals 12. 

a Compare the right derivative and the left denvalivc for each of the following functions and 
prove that each of them is nol-differentiable at point x ■ I. 
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Unit three 


3-3 



_ 

Rules of Differentiation 


| You will l«am 

» Oetiv^liw of the con- 
sum function 

» Derivative of f(i) *jt * 

» Derivative of f Or) - * 

• Derivative of fU)« 4* * 

* Derivative of the sum 
and difference of two 
functions 

» Oftvetive of the prod¬ 
uct of two function* 

» Derivative of the quo¬ 
tient of two functions 

» Orrvotivr of ttie com¬ 
posite function (chain 
rulei 

> Derivative of y • ffUlp. 


m 9 Key 


forms 


» First Derivative 

• Product 

• Quotient 


Explore 

1 - Find by using ihc definition of the first derivative of the function 

the derivative for each of: 
f(jt) * X s fix) = r' 

2 - Can you ducover the derivative of / (*) = rr 7 without using the 

definition? 

3 - Can you deduce a rule for the derivative of the function / where 

/(jr)*-**? 




Derivative of a Function 
1 - Derivative of the constant function 

Ify =C where: cel. 

Notice: 

y*/U)*C. /(JT4h)sc 
V JLJL m f'(x) s Urn /t* ♦ h) - fix) 

4* h .0 h 

= /'(*) = lim c * c = zero( h/0) 
d* h .0 h 


then: -IJLsO 
dr 


» Cham Rule 

2 - Derivative of the funciton fix) - x m 



If y = rt ■ 

where: ne 1 

then: 

JJL.njr-i 

dr 

•iJL.l 

da 

Li ittriali 

if y 


then: 

» Scientific calculator 

If y = a x • 

where: a.ne 1 

then: 

J*l-«anr-‘ 

drr 


» Graphical programs. 


'^ r ! Example 


I Find -12- m each of Ihc lollow inu: 

d t 


• y*-3 

d y= 4 

rr 

O Solution 

• -.7 =-3 


b yii 4 

• y = 'f~x r 


y * 5rr 


-IJL =0 b v y = rf* «*. =4r’ 

dr drr 
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* vy * 5 x 

6 \*y a -A « 3 jt‘* 

JT 

• v y ■ J~? ■ ** 


| Try to solvo 


di 


d > 
di 


«-6 Jr* 5 


/-ii- ■ $ x £ J~T where x > 0 

d.t * * 


(l) Find -ip- in each id (he follow ing: 

■ y = -/T b y = *X r' c y = -* 


i y=^7 


Derivative of the sum or difference between two functions 

If / and g are two differentiable functions with respect to the variable x . then z ± g is also 
dilTercnUable with respect lo.» and -1- ( / ± g) = ± _ d £ . and in general: 

d X d X <1 x 

If f, . f, f a are differentiable functions with respect to the sariable a then: 

-A-(f,±fj±f,±...±f,)U) * V(*)±/ , 2 (*)±/ , jW± ..±/ , t W 


Example 

2 Find in each of the following: 

• ysZ^-t-jr’* 

O Solution 

• v y =24* 

djT 

Q Try to hIw 

(l) Find AJL if: 
w dr 

■ y = 3.t J, -2r 5 + 6 r-fl 


b v _ i/T - 2 or 

7 ~ JT 


b v y = 


JT -2: 


^ , 
= 1-2/7 = 1-2/ 

dr 2 


b y = — ♦ xJT ♦ JT x - 4 

Jt 


The derivative of the product of two functions: 

if / and g ate two dilletenliablc functions with respect to the sariable x. then (he function (/. g) 

is also differentiable with respect to the satiable x and —— (2. *)■ i ♦ g . 

di dt dt 
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Unit Calculus 


(£) Example 



3 Find A)L if y ■ (jr ♦ 1) (x' ♦ 3). then find -Al_ when c * -1 
d x dx 

^ Solution 

vy = (7 + I) (7 ♦ 3) JL*- = (7 + l)» 37+ (7 + 3) *2* 

* 37 tip* 27 ♦ 6t 
sS^ + Jr + fa 

whents -1 .\-ilL = 5(-1) 4 + 3(-1)* + 6(-1) = 2 

djr 

Q Try «• *oi»* 

^ Find if y * ( 4r -1 ) ( 7 7 ♦ jr). then find when jt * I 


Derivative of the quotient of two functions: 

If / and g arc two differentiable functions with respect to the variable x and g (r) i 0. 

then the lunclmn (—)is also dillerentiable with respect to the variable r 

% 

li 


,«1JL 

d* g 

i r 


dx 


Example 


I Find AJL if y = jjli. 

dx 1 777 

> Solution 


v y = 


*3-| 


777 


d 1 

j ( 


d 1 
dr 


7 ♦ 27 • l 


x + 5 


(7 4 I)« 2x (7 • I > - 3 7 
Cr* ♦ 17 

27 + 2t-37 + 37 
(7+I) 2 
- 7 + ,\7 ♦ 2x 

(r'+l) 2 
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Rules of DiffcrvntiatUm 


3-3 


/ 


the composite function (Chain rule) 

Vtforfc together 


Work with a classmate 

If y = <3.r -1 y 4 . find 

Do you need limg mathematical operations? Have you laced dtlTicullies to find ihe dem alive 
function? 

You have previously teamed the composition of the function and known that: 
(fT)(x)=/|r(x)| 

If / and r ate two functions where y »/(z) and i = r(x). then y «/(r (x) | 
and we say that y is the composite I unction of x 

If y s /(/ ) is differentiable with respect to the variable i . and i - rtx) is differentiable 

with respect to the variable x. then y = / (rtx)) is dillcirnliablc with respect to the 

variable x and: A)L = _5*JL * jLl. 

dx dz dx 

This theorem Is known as the chain rule 

^ Example 

S If y * (x 2 - 3x ♦ I)'. find -At- 

O Solution 

let z * x^ - 3 x ♦ 1 yaz 5 

it is clear that y is differentiable w ilh lespcct to / (polynomial at /) 

and ahoz is differentiable with respect lox (polynomial at x) 

By applying the chain rule -AJL = -il)L« ^1— = 5/ J * (2i. 3) 

dx dz dx 

By substituting: z 

.-.A)L = 5 (x 2 - 3 x ♦ I Jr* * ( 2 x - 3) 
dx 


and 


d/ 


it* 


and = 2 x - 3. 

dx 
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Unit ttww Calculus 




[1 Try to Mlvt 

(s) Find AlL using the chain rule in t»ork logriher and check your pccvnnis work. 

Example 

4 If y » i'T . / *jt - 3 jr ♦ 2. find Al¬ 
da 

& Solution 

V y = /! Ai_ a A * 

3 j i 3 

•.i*£-\x + 2 — = 2*-3 

dx 

a AlL « AlL « 1L = {r*<2*-3) Al_*l< 2*.?)<* J -3n-2)*$ 

da dz di J da 3 

Q Try to solve 

IfyaJz 2 -I. z = A, find AlL 

X dx 

Derivative of the function (M*)f 

If l ■ where/ is dillctentiable with respect toa and n is a real number. 

then: Af_ ■ n If (a))* * 1 » f\x) 
da 

Example 


7 Find Ail if 
da 

• yxldr’♦3a* I) 10 b ya(_£lJ _)- 4 

^ Solution 


■ y = (iir , + 3a+ I) 10 


A AIL = |0((Vr , + 3a+ \f « -A_< <*' ♦1* ♦ I) 
dx dx 

= IO|IH t* + 3) (fur* + 3i + I )’ 
aJOffta 3 * l)(ftr’ + 3a + I)* 


b 


X ♦ 1 



= 5 ( *' 1 >* * 
x* I 

■ 5(^-L) 4 * 

a ♦ I 


(a* l>* I -(a- D* I 
(a* D* 

X + I -X + 1 

(a ♦ I) 1 


_ 10 *( a- I yi _ lOQr - I > 4 

(a* l) J *♦ 1 (aTir* 
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Rules of Differentiation 


3-3 


Li Try to »otv« 

7^ Find il y = (— v 1 —)* 
w djr J 3jt ♦ 2 

C^) Example 

s If/ (jt) = A jr 1 - 2r ♦ 5* - 4 „ find Ihc values of * *hidi make /*(*) = 2 

^ Solution 

/'(*)= 1 * 3** - 2 * 2* ♦ 5 * I 
■ jp-4j + 5 

When f\x) = 2 .\ jr 2 - 4x ♦ 5 = 2 andor -4jr + 3=0 

V(jr-l)(Jt-3)=0 .%*=! ix jr = 3 


Q Try to ootvo 

Find the values of x which make f'(x) * 7 in each of the following 
• /<jr)*x , -5jr + 2 b /(x)*(x-3) 7 


S? 


Kxtrclitt 3-3 


**? 


Complete: 


V d ill- 

d7 , '7 > ' 

u * 




(*) JL(3ut*Ji«2) = 

u * 


® •5T , 7r'* 

dx 5 

Find the first derivative for each of the following functions with respect to*. 

$)y*2** + 3/7 ($)y s +Lj£lJSZ 

® y»x(ir-/T) $$y» 

^y = (x-i)<x + i)(x 2 +i)(i 4 + i)U , + i)U , *+i) 


X 

4a*-x + 3 


Find the first derivative for each of the following functions 

y » (x 2 3) (jr* - 3Lr ♦ 1) $£ y * (jr 2 * /7) < x 2 ♦ 2 vT ) 
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Unit ttwMt Calculus 


^1. ■■ ■ . i.i H ■ - ■ u — — ■■■ H. ... s 

$$ > * (2 Jt 4 • 3 jt ♦ 4 ) (x 2 - ♦ »T ♦ $$ y = 

x 2 ♦ 2x ♦ 5 




jt -5.x * 


S y 


x-2 


*♦5 


1$ Find AJL when x = 2 for each of I he fit 

d i 


fillliUlllM 


• y = <rUjr-9>* 


b y’s3r-4 


C ys) Or‘*4x + 3) 2 


d y = / 2 . /s3r-2 


• y = 2/ 3 . z = 8*.|l » y®ilL,*=ili 

*♦I x-1 

19 If y = a xr' + bx* and -2JL = K when x = I. and ihc average rale of change of y when x vanes 
from - I to 2 equals 7. find the values of the two constant a and b. 


20 Find the value of l j at the point shown in each of Ihc following: 

a y*(JI__2_) T whenx = 0 *> y afx 2 ♦ iy*(jr-jr-f I)* 4 whcnx=l 

Activity 

Volumes if the oil is poured al a rale of 10 cm'/scc in a cylindric band whi*sc radius length 
of its base is 90 cm. find the rate of rising the oil in the hand. 

Creative thinking 

^ Find —— (y ■). where y is a function of x. 

d X 

n i<> = 3/ : + I and t = J~r~l • find Is one of Ihc lotkm ing two solution wrong or both 

d x 

arc true? 


First solution 


Second solution 


y * 3z 2 ♦ I 

* •sn 


By substituting . we find that 


y = lx 2 - 5 


J*JL.6x 


dx 


v y * 3z 2 ♦ I il * 6 1 

i 


— ■-[<x 2 -2) * * 2x* 
d jt * 

AJL . _13L x _1L 

dx dr dx 


S7~2 


=6/Try x * -fa 
f*TT 
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3-4 


Explore 



ys tn t 


In ixii learning here, the measures 
of the angles urr in radian 
measurement. 

the opposite figure shows the curve 

of the sine function y * sin x and 

when it is translated to the left or a 

magnitude of -5_. the curve of the cosine function y = cos x is drawn 

also: cos x = sin ( A ♦ x) = sin (- x). so. it is enough to find the 
# # 

derivative of sin x using the definition and deducing the rest of the other 
trigonometric derivatives. 

Derivatives of Trigonometric Function 

L#arn The derivative of sine function 


If / (jt) = sin x 
V f (jr) = sin x, 


then /’(*)* cos jr 
f(x* h>* sin (x + hi 


(x) * l,m / U ♦ l») / t*> 
h-0 h 


im i m (x ♦ h) - sin x 
h-0 h 


l, m sin x cos h ♦ cos x sin h - sin x 

h-0 h 

lun i coax sin h + smx( cosh -1) i 
h-0 1 h h 1 


l COS X 


Urn sin h 


h-0 h 

■ COS X » 1 + sin X » 0 a COS X 


♦ sin x * l,m w **' * 
h-0 It 


Le: fjL 


(*in jr) * cos x 


• iThf proof Is noi required from MudenUi 


You will learn 

• Dofrvjtrv* o i the Inga 
nometnc functions 
f(i) * on i 
t U) - co% M 
f (f) - tarn 


Key terms 


• Derivative 

• In 9000metrx Funebon 


aterials 


• Scientific calculator 

• Graphic program 
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Unit them Calculus _ r - 

In general If / is a differentiable function with respect to the variable x. then : 

(tin /| = cos / . — | chain nile| 

dr di 


Example 


1 Find lor each of the following 


• y * 5 sin x 

^ Solution 


b y »x’ sin x 


c y « 2 sin <3Ur ♦ 4) 


• V y « 5 sin x 


' y = x sin x 


e V y = 2 sin ( lx 44) 
putting / = 3x • 4 


. d 


» 5 *- ( sin x) ■ 5 cos x 

dr dr 

-AH. * x' * (sin x ) ♦ sin x * —^ <x*) 

dx dx dr 


=s x’ cos x 4- 3 r sin x 


then : y = 2 sin / 


4*. = 3 , = 2 cos 2 and by applying the chain rule ( 4*~ ~ * 4^- ) 


dr 


dx 


dx 


dr 


dr 


-ilL = 2 cos z * 3 = 2 cos (lr ♦ 4 ) • 3 = ft cos ( 3r 4- 4) 
dx 

We can find JLJL dlrectlv using the generalization above as follows 

dx 

AjL s 2 - cos(3x 4 4) ■ 3 * ft cos (3 x 4- 4) 
dr 

| Try to solve 


Find -|p- lor each of the following : 


• y = jt 4- sin x 


b y = sin-2- - 7 sin r 
7 4 




Loam 


e y = 5sin(3-2r) 


1 * Derivative of the cosine function 


If y s an x 


then -5^2- b - sin x 
dx 


2- Derivative of the tangent function 


If y e mi x 


then = sec 2 x 
dx 
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Dvri v alive* of Trigonometric Functnm> 


3-4 


Notice: 


(1)-£-(cosji)= -j— -Jf)l 

di d x 2 


(2) -J_(tanx> = -4- ( 

d X d t 


1BX 

OOSX 


) 


= cos < ^ - X) * -1 
* - sin x 


cwjfcnu- ( «nx)« sinx 
cos 2 x 

(m } i4]iR : j I _j 

s - s --—* SCC* Jt 

COS 2 X IWJf 


Example 


2 Find the first derivative for each of the follow big: 

• y = 2 com - tan 5x h y = tan (I • x 2 ) e y = cos 2 (4ar -7) 


O Solution 


• V y = 2 cos x - tan 5x 


d 2_ = 2 (- sin x ) - see 1 5 x « 5 
dx 


= - 2 sin x - 5 see 2 5 x 


b v ystanfl-x 2 ) -^L*«oc 3 (l-j a )»-2r *-irsec^l-x 2 ) 

dx 


c v y * cos' (4.r -7) let y * cos' i w here / = 4r -7 


-5*2-- 3 cos 2 1 * * sin / ■ -3 sin i cos 2 1. 
d i 

v -5 j2_ s J*2_ x _li. = - 24t sin / cos 2 / 
dx dz dx 

-1JL = - 24 x sin ( 4.x 2 - 7) cos 2 ( 4 x 2 -7) 
dx 


Q Try to solve 

2 find -?j2_ for each td the following : 

• y ■ 2 tan 3x •> y « 2 cos (4 -3.n) 

d y * 2 x Ian x • y = tan 2 3 x 


Example 


±L.k 

d 


e y ■ 2 sins cos x 
* y = tan 4r' 


3 Ify* 


cost 
I - SUI X 


O Solution 

coax 

v y= - - 

I - wax 


prove that ( I- sin x )-^2_ = |, then lind -^2- when x- X. 

dx dx 6 

jy _ (I - smi x) ( -sin x) - cos x ( - cos x| 
dx (l-sinx) 2 
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Unit ttww Calculus 



A)L = 


- sin x ♦ sin* x-r co* 2 x 


- I • MB X 


dx (I 


(I • MIIX) 2 


(I - sin x)* 



dx I MB I 


i.c: (I • sib x ) -iJL = I 
dx 


sin i 


whenJt*i, then (I-sin JL)jLlL=| 
6 6 dx 


2 dx dx 



Activity 


4 Mechanics: A force of a magnitude F has acted on an object of weight (w) in the direction 


that creates an angle of measurement 0 with the direction ol the motion and the magnitude 
of the force is given fo> the rule F= 



where m is constant called the friction 

coefficient Te 

• Find the rate of change of the force F 
w ith respect to the angle 0 

b When docs the rate of change equal /cro? 

Vnssscr of the Activity: 

• F » ■ *" W -— * m w (m sin 0 ♦ cos 0 > 1 

m sin 0 + cos 0 

the talc of change of the force w ith respect to 0 = J — 

d0 

• mw <m 

= • mw (m sin 0 ♦ cos 9) 2 (m cos0 • sin 0) = ——- 


(m sm 0 ♦ cm 0i- 


b when it =o 
d0 


m w(mcos0-sin0) = O 


m ■ b tan0 

cm 0 


m cos 0 - sin 0 ■ 0 m cos 0 s sin 0 


Application on the activity 

A If y = so 2 ! • cos 2 x - 4 x : 


• Find the tale of change of y with respect to the variable r. 
b Find the values of x € |0jf | w hen the rale of change equals • I 
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Derivative of Trigonometric Functions 


3-4 


Creative thinking: Find Al. if: 

dx 

• y * sin (laaJ t) by* sm x where c is measured by the degree measurement 



ExcrclMt 3 - 4 



Choose the correct answer: 

(0 If y * «o (2 *+5). then y' = 

• 2 cos 2x b . 2 cos 2 x c o»(2 .r + 5) d 2 cos ( 2x +5) 

^2) l( y * 1* - cm 2 jr, then y”= 

• 3 • sin 2 jt b 3 + sin 2 * c 3 ♦ 2 sin 2 it d 3 • 2 sin 2 * 

( 3 ) If y = 3 cm (2 - 4.x). then y'= 

• 4sin(2-4«> b I2sin(2-4.r> c • 6sin(2-4x) d >12*111(2-4*) 


^4) If/U) ■ lan ( 5.t - 31). then/' ( AL > ■..... 

4 

• 5 b 5/y c 10 


d 10/T 


Complete: 

s ' A (cos*-sin jr) » 
dr 

(7) ± (cmUT) = 
dr 

[9) A- (x cm or) - 
dr 

Find — in each of the following: 

dr 


l£ y « sin (4.r ♦ 7) 
y-cos (Sjt ♦ 3) 

$£ y = tan (- 3Lr ♦ 19) 

@y* 

Hy* 


JK 

X 


€01 X 


tty 


mx 

iH-IMl 


v*) -A-(tan3.r)« 

dr 

•' — (cos* x + sur x) = 
dx 

tt Find I'm *»•»• - 

x-i xa 

12 y = suit* 2 + 3) 

J4 y = 3 tan (2* ♦ 3) 
ih y * sin (cos 2 *) 
y = * sin (3x - 2) 

& y = xr sin ( 2 jt ♦ 5) 

tty- *c : r • I 
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Unit ttn« Calculus 


H )‘ 2 sin (-p-) 

24 y * tan /7 


^ y = 4 cos'i 

24 y = 4 5 sin4 x 


^ ys / 3 x - 

& yseos’f—i-j-) 


2* y ■ y CO* (Sr) 

20 y * cos (coo jt) 


1 - tan X lan r 

Find the slope of the tangent for each of the following curves: 


22 y = 5 - sin x when a = X 

22 y — sin x ♦ sin 2 x 

when x-X 

2 

^ y = .t cos 2 x when x ■ X 

y « x 4 mi 

w hen x* X- 


24 Prove lhat the tangent to the curve of y * cos x when x~~ makes with the positive 
directum of x-axis a positive angle of measurement M. 

& Ify = sin J jr-cos : x, Prove that -^L. = 2 sin 2 r 

d X 

2 * If y * ( sin x + cos x) 2 . Prove that * 2 cos 2 x 

ilx 

If y = —”L* — . Prove that (I + cosji) .iL = | 

I ♦ COS X dx 

40 Ifys$«c4x . lind the rale of change of y with respect to x when x = 
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Introduction 

Geometric applications on the derivative ol the function require finding 
the equation of the straight line in terms of its slope and a point lies on 
it. Remember the relation between the two slopes of the two parallel 
straight lines and the two perpendicular straight lines. 

Slope of the Tangent and the Normal to a Curve 

In this unit you knew that 

> The first derivative of the function/ where y =/(x) means the slope 
of the tangent to the curve of this (unction at any point (a, y) lying 
on it. 


i.e.: The slope of the tangent 
to the curve of y = /(jr) at 
point a <*,, y,> lying on 

i,= •&«,.] 
then 




“'■IcW 



where H is the measurement of the positive angle which the tangent 
makes with the positive direction of x-axis . 

Notice : 

> If m,and m, are the two slopes of two known straight lines /,and 
/j. then: 


r /, // /, it and only if m, = m, (parallel condition) 

V / ( 1 /, if and only if m, m, = -I (perpendicular condition! 


So: 

slope of the normal on the curve of y * /(*) at point U,. y,) 

lying on it = - —— - 

1 dx 1 <*, V 


You will karri 


> The stop* of the tangent 
to the curve of the func 


» Slope of the normal 


Key farms 

> Slope of the tangent 

> Slope of the normal 



aterial* 


> Scientific calculator 
¥ Graphic program 



Slope of the straltfil 
a t♦byec = 0 


equal* 
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angle of measure 135* with the positive direction of x axis . 

O Solution 

V y = r'-Ax + 3 _£JL =3^ - 4 

d jr 

the tangent makes an angle of measure 135* w ith the positive direction of x-axis 
the slope of the tangent = tan 135 s - I 

a lr • 4 a -I 3r a 3 1*11 

da 

when ra-1 y u(-l) J -4<-l) + 3a6 

, when x = I y=l-4+3=0 

the points arc (-I , 6), (1,0) 

Q Try to solve 

Find the points which lie on the curve of y = r • 2a + 3 at w hich the tangent to the curve is: 
■ Parallel us x-axis h Perpendicular to the straight line «• 4 y + I = 0 

^ Example 

2 Find the slope of the normal on the curve of y a tan tff - = a) at point ttf./T ) 

Solution 

V y atantff-^jr) ^3L»-2 sexrOT- \x) 

•’ di ■* 

the slope of the tangent to the curve at point ( /r./T ) * - * sec 2 </T - > 


2 

J 



the slope of the normal at point (IT. /T) ■ ~ 



2 ' Find the measurement of the positive angle which the normal on the curve of y = v 1,- +7 


makes w ith the positive direction of x-axis at point 4-3.5) to the nearest minute . 

Creative thinking : 

Find the value of a w hich makes the straight line y = Ax + a is a tangent to the curve of y = x 1 + 5 
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Learn 

The equations of the Tangent and Normal to a Curve 

II (X|, y |> Ik a point lying on the curve or ihc function / where y =/(*> .and m is the slope ol the 
tangent at this point, then: 

1 * The equation of the tangent to the rune at point U,, J,) Is: 

y -y, am(r-x,) 

2 - The equation of the normal to Ihc curve at point u,« y, I is : 

y*yi = jj <*•*,> 

m 

Example 

3 Find the two equations of the tangent and normal to the curve of y = 2x‘- 4r + 3 at the point 
lying on the curve and whose abscissa 3 2 

O Solution 

vy * 2 x* - 4r ♦ 3 

when jt ■ 2 y ■ 2<2>* - 4<2) : ♦ 3 * 3 

point (2.3) lies on the curve 

6 r-lU = 6 ( 2 ) J - 8 < 2 ) = 8 

di dr 

' the slope ol the tangent = K and Us equation is 

y - 3 = 8 (x - 2) i.e y-8*4-13 = 0 

the slope of the normal * —i- and its equation is 

y - 3 = — (r -2) i.e. 8 y + x- 26 = 0 
I 

H Try to Mho 

' 3 ) Find the two equations of the tangent and normal to the curve of y ■ * * * at the point 
lying on the curve and whose abscissa « I. 

Does the point A (-3. 4) lie on the tangent ? Explain 

^ Example 

4 Find the equation of the tangent to the curve of y ■ 4 x - lan x at point ( ^ . /(^)) 






-N_ 




Applications on Derivatives 


3-5 
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O Solution 

V y ■ 4x - la* x 

when i ■ £- 
4 


-^-»4-sct -x 

df 

m * 4 - see* K. u 2 
4 


and by substituting jt«i in the equation of the cut so ssr find that: y = H- tan ^ = Jl -1 

i.c.: point (£ . • I) lies on the curve 

4 

the equation of (ho tangent al point (£, jj-1) is: y-</r -1) *2(4- ) 

4 4 


y-/T♦ I * 2 x - 


y-2x + A - I 


Li Try to »olv« 

4 ' Find ihc equations of the tangent and normal to the curse of y * x sin2 x al point 

<ff» 


Example 


5 If the curve y = ar 1 + b jt touches the straight line y = 8x +5 at pi>int (-1. -3), Find the Iwo 
values of a and b. 


(y Solution 

V pointful .*3) lies on the curve ysax^ + bx 2 

+ te. a-b*3 (I) 

the slope of the tangent to the curve at anv point on it ■ -5*2_ ■ 3 a .r + 2 b x 

dr 

V the straight line y = Xx + 5 1 * a tangent to the curse al point { -I, *3) 

| -^L | ( , .3, = the slope of the straight line = 8 

3 a(-l) J 4-2b(-l) = 8 U. 3a-2b = 8 (2) 

By solving (be two equations (I) and (2) sve find that: a * 2. b = *1 


Q Try to oolvo 

s s) Find ihc value of the two constants a and b if the slope of the tangent to the curve of 
y*jr + ax + bal point (1.3) lying on it equals $ 


Exampla 


Areas 


6 If the tangent to the curve of y * — al point C al the first quadrant intersects the two 

x 

coordinate axes at the two points M and N, prose that the area of the triangle M O N is 
constant and doesnot depend on the position of point C lying on the curve of the function 
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^ Solution 

v y»4r' * 

Let C <a. A) = 

i di r 

the slope id the tangent at C (a. A) equals -A 

a a 1 

the equation id the tangent at C is : y - A= - A. (* - at _ 

a ** .1 

By multiplying * a : a : y -4 a = -4.t ♦ 4 a 

the equation id MN is a* y + 4 x - X a 
In find the intersection point of the straight line MN with x-axis, then y = 0 



x = 2 a Lc. O M = 2a of units 

to lind the intersection point of the straight line MN with y-axis, then x - 0 

y = — ix. ON = A. of units 

a a 

.\ Area AMON*| * 2 a «-*. * 8 square units 
* a 

it is a constant amount which doesnot depend on the coordinate of point C lying on the 
curve. 

Q Try to solve 

Arui 

Find the surface 
curve of y = x 2 - 


area of the triangle formed from x-axis . the tangent and the normal to the 
<w ♦ 13 at point (4,5) lying on it. 



ExarclMt 3 - S 


(l) Complete each of the following: 

• The slope ol the tangent to the curve id the function /where y =/(x) at any point on it 
is 

b The slope of tangent to the curve of y = cos.» when x - A- equals 

c If the straight line y = 8 - 3 x is a tangent to the curve of the function /at point (3. -1) 
then/ (3) equals 

d The tangent to the curve of y = (3 .r -5) 1 at point (1,2) makes w ith the positive direction 
of x-axis a positive angle of tangent equals 
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X. 


/ 


• The slope of the normal to the curve of y ■ sin 2 x at the point w hich lie* on the curve 
and its vcoordiiute = equals 

* The equation of the tangent to the curve of y = (a -I ) J at point (2.1) is 


Answer (he following: 

Find the measure of the positive angle, which the tangent to the curve of y = jr + -L . I 
makes with the positive direction of x-axis when x = I 

(i) Find the measure of the positive angle, which the tangent to the curve of y = il? makes 
with the positive direction of x-axis at point (3.6) 

[ 4 ] Find the point lying on the curve of y = r’ - &r - I5x ♦ 20 at which the tangent is parallel to 
x-axis. 

^5 Find the points on the curve of y » 3x' - I lx ♦ 5 at which the tangent 
* Parallel to the straight line 2 x ♦ y - 5 * 0 
b Perpendicular to the straight line 25 y ♦ x = 6 

c Makes a positive angle with the positive direction of x-axis whose tangent = -11 

Find the equation of the tangent to the curve of the func tion y = (x - 2) (x ♦ I > at its two 
intersection points with x-axis. 


V 

vV 


Find the equation of the normal on the tangent to the curve y = 


r - I 
2 - xr 


when* =0 


8 Find the equation of the tangent to the curve of y = 2 stm + cos x at point (0. I ►. 


v Prove that the tangent draw n to the curve of y * .r + x -1 at point 11.1) is perpendicular to the 
tangent draw n to the curse of y » 2 - ITT at the same point. 


10 If the curve of y = (x 2 • 2x)< a x ♦ b) touches the x-axts at point (2.0). and touches the suaight 
tine y ■ 2 x at the origin point, find the two values of a and b. 
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Export 


K is commons 


!1 

i V 


You have already teamed ihe dillcrenlialion 
and now you arc able to find the derivative k' 
il you know the function k where k' (x) = ~— 
k(x). In this lesson . we are going to loam the 
antidifferenlialion operation. In other words. How 
can we get the original function if the derivative 
k* is known? 

to find the original function whose derivative 
w ith respect to x is Sr 4 . Let /(x) * Stf* 

I.et's start with an inversrd operation to the 
differentiation operation 

n x » Sx 4 .\n-l*4,n«5 

then Rx) = x* or x**3 or x 5 -2 

the function ( is called the anlidenvalive I unction or the original 
function of the function/ 


© 


Antiderivative 


Ifysx 2 


then Ihe first derivative is = 2 x 

dx 


But deducting the function v from the derivative function -°JLts 

dx 

called the integration operation or the antiderivative. 

For example x 2 is the antidenvative to the function 2x. notice that 2x 
has several antiderivatives such as .r - 1 . x 2 ♦ 2 . .r ♦ C w here C € 8. 
... and all its derivatives ate 2 x. 

.*. —— (x 2 ♦ C) = 2 x w here (C) is a constant and the following figures 
illustrate that. 



(mffiaira© 


3-6 


You will learn 


» Antiderivative of the 
function 

» Integration of tome 
Algebra* function*. 

» Integration of tome 
trigonometric function! 


Kay terms 

» Antidenvatiw 
» Integration 


aterials 


• Scientific tek viator 
i Graphic program* 
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It is said that the function F is antiderivative u> the function/. if F'(x) = /< »> for each 
x ui the domain of f. 



fix) * 2r\ 


^ Solution 

Find the derivative of the function F. then F' <jr)*|« 4.r' * 2 r' 

F (x) s/(x) Le. the function!is antiderivative to the function/ 


H Try to tolv* 



/(x) = 3r' 

Critical thi nkin g; 

What is the idalion between F, and F, it each of them is an antiderivative to the I unci ion/? 

Indefinite Integral 

The set of the antidcnvalivcs to the function f is called an indefinite integral of this function and 
is denoted by the symbol f fix) d x land lead: integral of/(x) w ith respect to x) 

B If F' (x) */ (x). then / f(x) f x * F(x) ♦ C 
where C is an arbitrary constant. 

Notice: A<x' + 5)»3jr .\ / 3x*’dr = x’+ C 

dr 

— (x 5 - 3) * 5X 4 .*. / 5 x 4 dr s r' 4- C 

dr 

— (2x 7 ) = 14** .*./14x*dt = 2* 7 + C 

dr 

To identify the value of the constant C. it is necessary to know the value of integration at a 
certain value of the independent variable x it is out side your study. 

^ Example 

2 Check the correctness for each of the follow lug: 
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O Solution 

• V —<ijt* + C) = jr 7 .\ /* 7 d* = ijt* + C 

d» B R 

b 1 <; I ♦ jr *Qi 2x m M 

* VTT7 7777 

/ 1 ri X — J I ♦ X* ♦ C 

; uj* 

Q Try to *otvo 

'2' Check the correctness for each of the following: 

• fx 4 dr = J.jt J + C h \ jr/777<U= J< 1 ♦ + C 


Rule: 



ftnd; 

3 • Jr 5 dt 


b / r J dt 



d /-jr= d * 


{> Solution 


a / / dt= ^1L+C =J JT* +C 
5 ♦! 6 

e / /djt* y jt ,4 * + C 


b / 1 d x = f x d jt 


b / jr'dt= JLlL +c = .}jr J +c 

-2 * 


rr 


5 




5 


Q Try to solve 

(») Find: 


c /y^dT 


• / Jt* d .t 
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Unit three: Calculus 



Properties of Integration 

If/ and k are I nt curable functions on an Intersal. then 

1 - / a/(x) d x ■ a / /(jc) d.»where a is a constant i 0 
2- / \fix)±t (x)| d x * / /(x) dr ± / r (x) d x 

(^) Example 

4 Find: • /(4.t4lr)dt 

^ Solution 

• / (4.r +lr) dr 
■ /4xdx4/3rdx 
=4/xdx43 /jrdr 


= {r + 3« Jx*4C 
= 2jt 4x>4C 


b j (r * 2r d t 


b / <* + & dr 

, jr 4 *4r + 4 . 

-S -r- 'l l 

jr 


s/x 3 d x 4 /4 dr 4 /4x 3 d x 


= | r'+4x-4x 1 +C 


b /(_!_ + /!♦ 3)dr 


Li Try to »o4vo 

Cf Find: 

• /(2+ /Te-J=)dx 

V x •*- 

Some rules of integration 

1- r (ax 4 bf dr = 1 * <a - - t>> - ♦ C . n ^ -I 

“ 041 

2- f \f (x)P /'(x) dr * " 4 C. where C is a constant and n is a rational number / * I 

0 4 I 

Critical thinking: 

1 - Can you check the correctness of the two previous relations through the definition of the 
antiderivative? Explain. 

<£) Example 

(s Find: 


• / (( 3 • 2x>' 4 3)) d x 
e /(x 2 -3x4 5)-’(2x-3)dx 


jr ♦ 3 

6 * 7717 “ 

d /( Sx 2 • 2x4 l) u ( 3x-l)dx 
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^ Solution 

• /((J-M’ + Jljdi = J ( 3 - 2x? d x + 3 / d x 

■ iLJjll ♦ ix* C = -±<3-2*) 6 + 3x*C 
6*.2 12 


i + 3 

* s TTJ7 i ’ 


< X 2) ♦ 3 
<x-2y* 


di 


x- 2 


(x-2)i* 

/ (x - 2) '* d x ♦ 5/<x-2) 4 dr 


dx ♦ / 


(x -2) 


J* x 


. SlJL 


2*1 


. *1LJL 

* -3*1 


♦ C =- — ^ r - 5 ♦ C 

2(x-2>* Jin? 


e /(x 2 -3x + 5)’ 7 (2x-3)dx 

V/(jf)*x l *3x'f 5. V /'(x) = 2x-3 

/. /(x 2 - 3x ♦ 5) 7 ( 2x -3 ) d x = U 1 5> * ♦ C 

-Cl 

= ^ (x 2 -!*^ 5)* + C 

Cl 

d /Ox 2 ^* I )"(3x.|)dx 

V /<x) ■ 3X 2 - 2x ♦ 1. 

V f\x) = (6x - 2) 

J /(ix 2 -2x + l)»(6x-2)dx « J (A> ~' 21 * 1 *'* ♦ C 
2 2 12 

= ^(3x 2 -2x+ l) ,2 + C 

□ Try to ftotvo 

($) Find: 

• Hlx + 5)^dx b /<x+l)(x + 3> 7 dx 

e / (x 2 ♦ 3x *2) 7 ( 2 x ♦ 3)dx d / x< 4x>-S x 2 *-*?! 2x - l)dx 

Search: use Ihc restored. of knowledge and internet to find: f -j- d x 
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—V. UnltthrOO: Cdkulus 

^ - — 

Integration of Some Trignometric Functions 

1- /Mnx«J* = -co*.* + C 

2- /c«i(Jt = iinitC 

3- / sec 2 x d x - tan x * C 
where C is an arbitrary constant 

Example 




Some irtjoooewlrW 
rrblloiH 


• «•*»♦ *tn , iol 

b ; i sin ; * 

• mil 

C I ♦ Ian 1 1 

d 2 da i cm t 
-do: i 


s Find the following integrations: 
• / ( x ■ sin r ) d « 


b /( 4cott +—^—+l)djr 
cor* 


O Solution 

• /(jr-sin*)d*= J jc*+ coax* C 

b /(4o»r+—L—♦ hd.t= /< 4 cos * ♦ sec 2 c + lld.t 

tl>S- » 

= 4 sin jt ♦ tan r ♦ x ♦ C 

Q Try to tolvo 

s) Find the following integrations: 

• /(6 cos v - « sin .r ) d t b / (3 ♦ 4 tan 2 jt) d x 

Important Corollaries: 

1 - [ sin ( a t ♦ b) J * =•* cos (at + b) + C 

2 - / cos (a x + b) d x = sin (a x + b ) ♦ C 

3 - / sec 2 ! a t + b) d x = ^ tan ( a x + b ) ♦ C where C is an arbitrary constant 

Critical thinking: 

1 - Check the correctness of the previous relations by finding the antidenvalive using the chain 
rule. 

?) Example 

7 Find: 

• / cos ( 2x ♦ 3) d jt b / (sec 2 -£-* sin (• jr)) d x 

2 4 
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O Solution 

• / cost 2* ♦ 3) d jt * C sin ( 2 .t ♦ 3 ) ♦ C 

b / see 2 (^j)dx-/sin (-£-•* )djr 

* -j- tan -1 co*(A -jr)) + C 

2 ‘ 

= 2 Lan — - cm {— - x) + C 
2 4 

Q Try to solve 

CO Find: 


• J sin(3.t-5)/ d.r 

b / cos (^- - 2) d jt 

Co? e * #rci ** 


Complete each of the follow ing: 


CO The antiderivative of the function (Jjr 2 * 2r + 

5) is 

(?) /<-^=*^>dJt«_ 

CO / - 'in y) dr = 

CO /(Jt+5>'dr = 

(*) J<* + 2)<.r*4r.* 

CO / (cos x cm ^ - sin x sin j) d x = 

0 J 2tan x doc* x d Jt * 

fy\ f COS 2 x j t = 

Calculate the following integrations : 


CO /9**djr 

jl f 12jr : dx 

@ /5 /Fdr 

ii /•« c-’dc 

U /2<3/ 2 - 5)d / 

$4 f3x 2 -fjr-2)djr 

@ H)S7~)ilx 

is [(mx 3 + 5x + c)djt 

^ /j^x+ 3)dx 

H /JT (3jt - —- ) djf 

X 

H fix *2XJr+2) d it 

& f(Jt*5)(Jt+ l)dx 

H fiJT -I) 2 djt 

8 fix*— )2d* 
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—\ UWt thrnn: Calculus 

^- - 

_ r 

jr 

«/* ! ; 

dx 

H J«x-2) 5 d* 

dr 

^/ X ' f d, 

jr - 3 

&/* 1 ■**« <i.i 
jt-2 

U fMx + 3)-*dx 

H |(8 - 3x) 4 d x 

H f(2i^d/ 

H / 12 

(2*-.V 

$£ /<x-1 )(7-2x + l)dx 

^/’dr 

*jT*4 

$£ / /T^X (x - 3) 4 d x 

/( ir-Tr dx 

3« / x (3or - 5) 1 d x 

H fxi 57 + 2> 7 dx 

40 / . J j d x 

1 1771 T 

41 / (7sin r* 2cmji) dx 

41 /(sin Ir • 3 cos r) d < 

4J / Of cos x - see 2 3x)d x 

44 /(3♦ 5«c 2 x) dx 

45 Jsin(5x-lKlr 

40 /cus(2-x) dx 

/«•» (-J- ♦ )d x 

49 / 2 co* 2 x d i 

48 f(ctm 2 x - «n : x) d x 

50 /(4-sin 2 x)dx 
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Unitwmnury ^^6 ^ 


Unit summary 


i of variation ft rate of change 

> It y s/(jr) and x vancv from x to x ♦ h, then Ihc function of variation v(h)=/(x + h)-/(x> 

> The average rale of change (unction A(h) = /< J ♦ h> -fix) 

h 

v _ , . , , /(i + h) -/(i) 

The rale of change (unction = tun - 

h .0 h 

> The rale of change is called the first derivative of the function and is denoted by the 
symbol /'(x) where: 

/•(*)= lim ISL1 | the fust derivative is denoted by one of these symbols: 

h .0 1> 

Jp- or y* or f (x)) 

Differentiability: 

> It is said that: the I unction / (x) is dillercntiablc when t = a if and only il: 

lun /(»«» /<»)„ CMatd , /•(,•). /»♦*>-/« 

h .o* ^ *-o* •• 

/ (a ) -/(a 4 *. 

II/<x> is differentiable at x * a. then its continuous at x ■ a 

The continuity of the function at a point doesnot necessarily mean that its is dillerentiable at 
this point. 

II the function is discieilinuous at point x * a. then it is not - dillerentiable at x * a 


The tabic of the derivatives of some functions: 


fix) 

f'ix) 

fix) 

f'U) 

x* 

ni* 1 

sin a x 

a cos a x 

at* 

an x* 1 

cos ax 

a sin a x 

a 

0 

Ian ax 

a sec 2 ax 


Derivative of the product of two functions: 

> If y = g(x). *<x) 

Derivative of the quotient of two functions: 

> If y = where /<x) # 0 
tlx) 


then 


Ajl = 

dx 



Uu>| J 


dz 
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IMt throw Calculus 


r 

I 


Derivative of the composite 


> Ify*|/(x)|" 



ol/wp 7x») 


Chain rule 

► Ify =/<*), * =/<*) then -iJL = -?|JL * _1L 

dx d< dx 

Geometric applications 

> If y = /(x). then the slope of the tangent to the curve of the function/ at any point on it 



If (x,. y,) is a point on the curve of the function y =/(x). then the equation of the tangent at 
point (x,. y,) is given by the relation y - y, = m (x - x, K 

where m = (-5pL) ** the slope of the tangent at point (x,, y,). 

> The equation of the normal on the tangent at point (x,, y,) is given by the relation y - y, 

ni 11 

where m = (-iL) K the slope of the curve at point (x,. y,). 

d X 

Antiderivative of the function: 

> It is said that: the I unction F is an anlidrnvalivc to the I unction f if F\x) * fix) lot each 
x in the domain of/. 

> If F' (x) =/(x>. then f f(x) d x = F<x) ♦ C where C is an arbitrary constant. 


Properties of integration: 

If/ and g arc intcgrablc functions on an interval. then : 

1- / a/(x)d re a / fix) d x where a is a constant #0 

2 - flfix) ± gfx)| d x = f fix) dt ± / g(x) d x 

Standard formula for integration: 

> /x“dx«♦€ 

n ♦ I 

e J (ax + bp dt = (at ♦ bp* 1 + c where n ^ -1 

a in + li 

6 / l/WP / (x) dt = -♦ C where n t -1 

(«♦ I) 

• / sinx dt*-ci»x + C * / cusxdt* sinx♦ C 

9 / wr x dt * tan x ♦ C 
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9M J + 

Accumulative tot 


Accumulative teat 


Complete: 

CO C*) /(ir-4.t + 5)dx« 

d I 

Choose the correct answer: 


>■ 

• I b tec^JL eo d 2 

4 

Cf The slope of the tangent to the curve of the function y = sin t cos x equals 
■ cos t sin e b cos : x - sart 

<£ The function y = lx - 21 w hen i = 2 is : 

• Continuous and differentiable 
e Discontinuous and not-diffcrcntiablc 

CO JMx-2Y'dx = 

• J^-32*+C 


e sin x-era x d sm'i ♦ co» 2 x 

b Continuous and not-ditlefcntiable 
d discontinuous. 


b 4 (x • 2) 4 ♦ C « (j.tf+C 


d tL: 2 / + C 

4 


7 y Find in each of the following: 
• ) »/ + J- ,x/« 1 


b y > «(x 2 -4x + 4)* 2 


d y a I" 

y ~?~T 


C y = x Ian 3 » ♦ cos x 
(s' Find the following integrations 

■ /(x-l M*+I)dr b f (2 «HT*Ar)dx 

c /( | ♦ cos x) 2 dr d f 4x (3 - 2 jt) 5 dr 

^0 Find the cquatum of the tangent to the curve of the function / where / (x) = x 2 - x' at point 
(2. -4). 

J* If y ■ . • > ''-L . prove that x 4 » 3 
x } dr 

J V If the tangent to the curve of the function / where /(x) = ax 2 + b x + 5 at point (• 1,3) lying 
on it makes w ith the positive direction of x-axi* a positive angle of mcasute 45*. find the two 
values of a and b. 


PsESEESEI 


For more exercises, please visit the website of Ministry of Education. 
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Unit introduction 


MifommaJ Inn Jahcr Din Smaa Abu Atxfcillah Al Datum <850 929) w» one of I he mini tamwi* aUitmomcrx 
and nkiihcra*ticum . lie bad eared much about ingcmumetry and had wfunticd it as an nukpcnikiit nriencc 
from the aitnmomy. lie bad been the lir>l to u%c algebra in trigonometry I urthermore. be bad originated the 
a nine table* (cot|, «an angle (%an) .cotangent angk (cot), and undent angk (tan) from /cm to 9tr. Th erne laMn 
arc util used up to mm with link amendmentv Ik bad dcsflopcd a lot of trtgoouraclnc identities on the other 
band Vfobanuncd Dm Yah)a Bin Ismail Bin Abba* Abou LFWafa AI-Bu/jam (940 998) learned the wks 
of Al-Batumi in trigonometry well and he bad explained the mysterious pntnis Ik had invented the inverse of 
r («) and invent* of *me<c*c) Ik had originated tahk* for «m and Un for each 10 minute* and he bad 


known tngiwomctrx identities named after him such a; 

tin A = 2*in cot . tan A = - MTI , tee 2 A = l ♦ tan* A, cac 2 A = I + COt*A and other* 
2 2 con A 


The* unit involve* the stndy of life appbcataoft* iik ludiag angles of ck* attun and depression a* a practical 
applnata »n* on the amine and vine mk* and alto the *tud> of the special trigonometric tdcnauic* of the sum 
and difference of the measure* of tnv angk* and the double angle At the end of the unit. student* arc going to 
identify Ikmn * Formula lo «otvc the trungk in term* of n* side lengths and to solve life application* on them 


Unit objectives 

Bv i hr end of l hr unit and doing I hr 
activities, students should be able to: 

Solve applications on solving the triangle 
include angles of elevation and depression 
and cardinal points (main directions). 

* Deduce the special trigonometric identities 
of sum and ib Here nee of the measures of 
two angles. 


* Identify and deduce the special 
trigonometric identities of the double and 
half - angle. 

* Deduce (Hrnm't formula) and use it In 
find the area of the triangle and solve 
applications on it. 

* Use the calculator to solve problems on 
the trigonometric identities 
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Key terms 


f W* 

f Ar*ro 4 EWv«»cr 

f 

I t iy w HW ^HCK» 

$ WKm»« 
i CoiMeh*cto* 

: Tymwrt wt FwkihiI »me»<tM nMn itVsist>w 


Tagswawgtwc fwmcho* et th> P* i «— m itfeefw lt» » m m h e> 
IwO^w 

: It^eruMtK tuntor* sf Uui* kn^m 

tw ynwH m - m Angle 

\ M^.hmai 



Unit Lessons 


I jrvrtw (4 I): Angle* iif elevation and depnrumm 
(Applicant*! <xi solving the triangle). 


Icssont 4 2) Trigonometric functions of sum and 
difference of ibe measures of two 
angles. 

lesson <4 3): The trigamxnctnc functions of the 
double angle. 


lesson (4 4): Heron's formula 


Materials 

Scientific calculator Internet 




Unit planning guide 


trigonometric 

Heron’s formula Action, of the double 
and half-angle 


trigonometric 
functions of the sum 
and difference of the 
measures of turn angles 


Angles of elevation 
and depression 


■wtonoM'l 



trigonometric 
functions of the 
difference of the 
measures of two 
angles 


trigonometric 
functions of the sum 
of the measures of 
two angles 


cos (A • B) sin(A B) tan {A+6) cos(A+B) 


Solving the 
triangle 


sin<A+B) 


tan (A 61 
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4-1 

| You will torn 

» Concept of the angle of 
elevation 

» Concept of the angle of 
depression 

» Solving appftcabons on 
soMng the triangle av 
during angles of eleva 
bon and depression 

P 9 Key terms 

» Angle 

* Angle of Elevation 

• Angle of Depression 


^J~m7terUls 

> SocntAc calculator 


imgjlss ®tfd)©5aGfi3m amndl dDajpn®®" 

gfem <mi cSdcs 




Activity 


You have previously learned the angles of elevation and depression as 
an applicatHHi to solve the nght angled mangle. You can find the height 
of u minaret of the ground surface while you stand far from it for a 
known distance without measuring this minaret practically. 

And now, alter you learned the sine rule cosine rule and solving 
the inangle in general using those two rules, you can leant deeper 
applications on solving the mangle including the angles of elevation 
and depression in general . 

> Look up the mathematical refereces at your school library «w log in 
(Internetl for vanous situations using the angles of elevation and 
depression to solve them as an application on solving the mangle 
in general. Now. we are going to review the concept of the angles 
of elevation and depression with you. 


angles of elevation and depression 





Angle of elevation 

If person A observed point 
C higher than his h**i/«mial 
eyesight level a"b . then the 
angle between XlB and Xc 
is called the angle of elevation C of the horizontal eyesight of petson A. 


Angle of depression 

II person A observed point D lower 
than his hort/onlal eyesight A B. then 
the angle between A It and a I) is 
called the angle ot depression D of the 
horizontal eyesight ol person A. 


OtstfwrV 
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Anelo ut elevation and depression laqiplicalinn-s an sotvigg the Irungic) 


4-1 



Notes: 

1* In the opposite figure: 

/_C A B isthe angle of do anon of the balloon with respect to to the 
the person at A. 

Z D B A is the angle of depression of the person at A with respext to 
the balloon. 

in this ease Of = ft 

where a is the measurement of the angle of elevation and ft is the 
measutement of the angle of depression 

2 - to locale a point w ith respccl to the cardinal points (main directions) from a known punt, wc 
find from the following figure that: North 

A lies East of O 

B lies north of cast of O 

C licsinthcdiiectHinof7f)’niirthofwcstof O 

D lie* in the direction of 25' south of west of O 

E lies South of O 

(? Example 

Soul 

1 From a point on the ground surface, a man observed the up of 
a tower of an angle of elevation of 25*. then he walked straight 
a head for 57 m al the bon/onlal level toward the lower base lo 
find that the angle of elevation of the lower lop is 52* 3tf. Find the 
height of the tower hi the nearest meter 

<► Solution 

Irom the opposite figure : 
m (ZC A D) * 52’ XY - 25* 

= 27* 30T 



mAAf D 

_*£_ =_ 
sin 25' 

AC 


the sine rule: 
the side lengths 
of a triangle are 
propot ional to 
the sines of the 
opposite angles, 
the measurement 
of an> exterior 
angle of a triangle 
equals the sum 
of non-adjacent 
interior angles. 


57 


sin 27' My 
57 • sin 25' 

sin 27- XI 


in A ABC: 

AB 

sin 52* MV M „ 90* 


AC 
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A B * AC * sin 52* 3(7 |2» 

By substituting from tI (in <2k then: 

A B = 57 * 25 ‘ > md 52* 3€r 

sin 27* MT 

AB 2 41m. i.c the height of the lower it approximately 41 meters 

-► start S 7 . 2 S . *lm $ 

2 7 — 3 0 — - 

Q Try to sotvo 

0 From a point on (he ground surface a man observed the Up of a lower at an angle of elevation 
of 20*. He walked on a horizontal way in the direction of the lower buve for 50 meters. the 
measurement of the angle of elevation of ihc tower up is 42'- Find the height of the uwvcr to the 
nearest meter . 

Example 

2 A lower of height 1(10 meters is constructed on a rock . From a point on the ground surface 
in the hon/ontal level passing through the rock base, the measure of the angles of elevation 
of the lip and base of the u>wcr were measured to give 76' and 46' respectively. Find the 
high! of the rock U> the nearest meter. 

^ Solution 

m (/AD B) = 76' -46* = 30* 
m (/A) * 90' -76'* 14' 

In the mangle A B D; JUL = _!2L 
an 14* sin 30* 

BD=H®*2Li£ 

sm 30* 

In the mangle BCD: Bt = BD 
sin 46* sin 90* 

B C = B D sin 46* (2) 

By substituting from ( I > in (2l we deduce that 

BC . IQOsinU* > Mn 4/s‘ - 35m 
sin 30* 

Use the cakulatiw respectively as follows: 

Start I • • « dn | 4 * *» 4 * > 

©cg»: r CD CD (DO 

Q Try to sotuo 

2 A lower of height 12 meters is constructed on a hill. If the measures of the two angles of 
elevation of the up and base of the tower from a point on the ground surface arc 32' and 24* 
respectively, find the height of the hill to the nearest meter. 
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Ancles uf elevation and depression triplications an solving die Irunglc) 


4-1 


Example 

I From the lop of a hill. a man observed the measures of ihe two angles of depression of the 
lop and the base of a tower to give 22’ and 30’ respectively. If the height of the tower is 50 
meters. Iind the height ol the hill to the nearest meter known that the two bases o! the tower 
and hill are in the same hon/onial level. 

O Solution 

From the oppitsiie figure: 
m <ZDAO = 30’-22’ = 8’ 
m (/_C DA) = 90* - 22* = 112* 

In the triangle A C D AC 

* sin 112’ sin 8’ 

A HI 

sin 8 * 

In Ihe triangle A C B 



-£L5_ = _^_ .% A B = A Csm.30’ <2> 

tin30‘ sin W 

By substituting from <l| in ill. then: 


A B = * «*» , <(> ~ |67 meters 

sinK’ 



Q Try to mIm 

X From the top a rock of height MO meters, the two angles of depression ol the lop and the base 
of a tower were measured to give 24' and 35* respectively Find the height of the tower to the 
nearest meters known that the two bases of the rock and tower are in the same horizontal level 


Ex ampin 


4 From the top of a building of height M meters, ihe measurement of the angle of elevation of 
the lop of a tree was 18’ and the measurement of the angle of depressnxi of its base was 29*. 


find to the nearest two decimals the distance 
between the bases of the building and the 
tree and the height of the tree known that 
the two bases of the building and tree are in 
the same hori/**ilal level. 

O Solution 

m (/_K )* 90" - 18* * 72* 
m {/_% DC) = 90* • 29* =61’ 



In A BCD: 


♦ . 8 _ BC 

* sin 29' sm 61* 
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. BC _ *» ** 6I ‘ ~ 14.43 meters, 
sin 29 

the distance between the two bases of the building and tree ~ 14.43 meters 
In A A E D: 

V -!!h_ ■ - ED - notice that (ED * B C) 
sin 18* sin72 * 

/.AE = *** *** ->■ B C .*. AE = J25-1*1* 14.43s 4.Wm 

sia 72 sin 72* 

Height of the tree ~ 8 ♦ 4.69 ~ 12.69 m 

Q Try to totv* 

( 4 ) Two men stand on horizontal land to observe a flying balloon at (he same time The first man 
found the measurement of its angle of elevation is 63* while the other found the measurement of 
its angle of elevation is 39*. If the distance between the two men is MM meters and Ihe two men 
and the balloon arc al the same vcrlical level and the protection of Ihe balloon lying between the 
two men. find the height of the balloon from the ground surface lo the nearest meter 


^ Example 

S from point A on a riverhank. a man observed the position of a home at point B on 
the other nverbank to find it in the direction of 20* North of the east. As he walks 
parallel to the riverhank in the direction of Hast for a distance of 300 meters lo 
reach point he found point B in the direction of 46’ North of the east. HikI the 
w idth of the river lo the nearest meter know n that the two riverhanks are parallel 
and points A . B and (' are al the same horizontal level. 




Solution 

Let the w idth of the rim is B D 
In the tnanglc ABC 
■ (/ABC) *46*-20’ =26* 
Be _ too 

sin 20 sin 26* 

B C = 300 sin 20* ( | > 

sin 26* 



In the mangle B D C 
.. Bl) . Hr 

sm 46* * sm 90* 


.*. B D = B C« sin 46* 


. . B D = >a ” 2p ’ « sin 46* at 168 meters 

sin 26’ 


start« *» 4 « 4. 2 « . . 


Q Try to uhn 

s' From point A un a nverbank. a man observed a tree at point B on the other bank. He found 
B is in the direction of 37* North of the cast. As he walks parallel lo the riveibank in the 
direction of west for a distance ot 200 meters to reach point C. he found that point B is in the 
direction of 15* North of the cast. Find the width of the river lo the nearest meter. 
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Ancles u{ elevation and ik-prvvswn triplications an valvmg the trunglc) 


4-1 


Example 


6 From a poinl at the horizontal level pacing through the base of a hill. a man observed the 
angle of elevation of the hill lop to Find its measure 27*. As he ascends the hill for a distance 
of 2(10 meters on a road inclined to the hon/onlal by an angle ol measurement I4‘ to find 
the measure of the angle of elevation of the hill top is AH' Find the height of the hill to the 
nearest meter 
O Solution 



In the Utangle AC D 

m(Z A CD) = 27*-14* = 13* 

V Angle A E B is an exterior angle to the Inangle A E C 
.*. mt. E AC) = 38* • 27* = II* 

m(Z ADC)= 180*-(!!*♦ I3*)= 156* 

In the triangle ADC 


the measurement 
of any exterior 
angle of a triangle 
equals the sum 
of non-adjacent 
interior angles.. 


.. AC _ 200 
sin 156* sin II* 

. A c = 200 * l56 ‘ (It 

sin II* 

In the Uiangle A B C 

.. AB _ AC 
sin 27‘ sin W 

A B = A Csin 27* (2) 


A 



By substituting from (1) in (2), we find: 


A B = 200 ** k> l56 * x sin 2T - |M4m. 
sin II* 


Q Try to »otM 

iy A man measured the angle of elevation of a hill top from a point on the ground surface to 
find it 22*. As he ascends the hill for 500 meters on a road inclined hi the hon/onlal by an 
angle of measurement 7*. he found the measure of the angle of elevation of the hill hip is 
64*. Find the height of the hill to the neatest meter . 


Example 


7 Marine navigation; A ship sailed from a certain point in the directum ol 68‘ 15' south of 
the west at speed of 15 km h and at the same lime . another ship sailed from the same point 
in the direction of 53* 48' North of the west at speed of 8 km/ h. Find the distance between 
the two ships alter 3 hours to the nearest two decimals 
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L'nilorm vdociiy = 


distance traveled (covered) 

lime taken to cover the distance 



Cosine rule 





Distance covered = uniform velocity ■ time taken to cover the distance 
AB = 15*3 =45km 
AC *8*3 *24 km 

m(Z BAD) = W-68*25* = 21*35* 
m(/BAO =21* 35*. 53*48 
« 75* 23- 

In the tnangle ABC 
By applying the cosine rule 
(BC) 2 *(45 1 2 ♦ (24)* - 2 * 45 * 24 
cos75* 23' .% BC - 45.34 km 


Start-* 4 5 /.: 4 2 - 4 5 * 2 4 * Cm 

7 s Otl) - Q 


2b c 

and so on with respect 
to the other side lengths 
of 


Q Try to sotv* 

'7y Marine navigation: A ship sailed from a certain point in the direction of 70* East of the 
south at speed of 12 kmh and at the same time, another ship sailed from the same point in 
the direction of 55* North of the cast at speed of 5km/h. Find the distance between the two 
ships after 2 houis to the nearest two decimals. 

^ E-ample 

■ (Theoritical proving!; A pilot observed two observatory stations A and B on hon/onlal 
land where A B = s meter to I md the measurement ol their two angles of depression » and * 
respectively If the plane and the two observatory stations are at the same vertical level, the 
height ol the plane on that time above the ground equals h meter and the vertical projection 





















Ancles ut elevation and depreanon (applications on solving the Irunglc) 


A D > B D = h col 0 ♦ / c«H * = h (cot« »cot «) 

s = h (cot rcot*) 

i-e. h = -5- 

cot • * cot * 

w hen m(Z •) = 4R‘ 31' . m(Z *) = 75* 15’.*= 1290 meter 
1290 . 

h= «<rj|-.«7}-|S' = 

I 2 * o* I I ♦ Inn 4 » ~J l ~ 

ton 7 5 «* i 5 ~ t t 

H Try lo solve 

8 Theoretical proving: A ladder «4 length I. is placed by one ol its ends on a vertical w all and the 
other end on honztmlal land, the ladder inclined to the hort/onlal by an angle of measurement 
x and the Iowa end of the ladder moved for a distance s meters far from the wall and it inclined 

to the horizontal bv an angle ol measurement 9 . Prove that L = ---- 

if s = 40cm , m * 30*. ra (/_ *) = 40'. Imd the ladder length. 


Exarc Isas 4 • 1 

X A man observed the angle ol elevation of a tower top from a point on the ground surface to 
find Us measurement is 20* 3S*. He walked on a horizontal road in the direction o( the tower 
base for a distance of 50m to find the measurement of the angle of elevation of the Iowa top 
is 42*. Find the height of the tower to the nearest meter. 

2y From a top of a house of height 15m . the measurement of the angle of elevation of a lower 
top is 67* and the measurement ol the angle ol depression ol a tower base is 35*. Find the 
height ot the tower lo the nearest meter known that the tower base and the house base are at 
the same horiz«mtal level. 

X From a Iowa top of height 65 meters, the two angles of depression of points A and B at the 
horizontal level arc measured to give 32* and 21* 12' respectively. If D represents the towa 
base and A € B I) . find the length of A It lo the nearest meter. 

<*) From a hill top. an i*bservcr found that the measurement of the two angles of depression of 
a tower top and its base are 15* and 26* respectively. If the height of the lower is 50 meters, 
calculate the height of the hill lo the nearest meter known that the two buses of the hill and 
lower arc at the same horizontal level. 

C») A ship on the sea tfrerved a lighthouse lo find that it is located at a distance of 50 km towards 
the Hast, then the ship sailed in the direction of North of Hast and alia two hours the lighthouse 
lied in the direction of 50* South of Facet. Calculate the velocity' of the ship. 

A lighthouse of height 60 meters is constructed on a hill close to the seashore The two angles 
ol elevation ot the lop and base of the lighthouse woe measured Irom a boat on the sea to give 
70* and 45* respectively Find the height of the hill from the sea level to the nearest metet 
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' In ihe opposite Bp wi two balooaf A and E of height 100 /T and 50 meters. A body (C) 
on (he ground lying a( the vertical level passing ihtough the 
hullnofls is observed . If (he measurement of the two angles 
of depression of the body are 45’ and 30* respectively, find 
the distance between the two balloons to the nearest meter 
S hom the top of a rock 80 meter heigh, ihc two angles of 

depress**! of the lop and base of a lower were measured to give 24* and 35* respectively, find 
the height of the tower know n that the bases of the rock and tower arc at the same horizontal level 
n' From a top of a house, A man observed a car at the rest at the same horizontal level of the house 
to find the measure of the angle of depression is 70*. w hen this man descends vertically dow n fie 
a distance of 12 meters, he observed the measure of the angle of depression of the car was 30*. 
Find the height of the house to the nearest meter and the distance between the car and house 
Three villages A , B and C: the village A lies west of village B where A B = 20km and 
village C lies in the direction of 48* East of North of village A and 60* North of west of 
village B Find the distance between the two villages B and C to the nearest km 
5 f From a potni mi the gt mind surface. it is fiwind that the measurement of the angle of elevation 
of a top of a tree is 50* and from another pmni distant 45 meters from the previous point and 
above it exactly, it is found that the measurement of the angle of depression of the top of the 
tree is 30*. f ind the height of the tree to the nearest meter . 

U Ifum (be peak of a mountain of height IU0 meters above sea IcveL a man observed the angle of 
depression of a rock lop to find its measurement is 42* 37 ’.Find the height of the rock above sea level 
if it tv distant frum the mountain 22 meters known (bat both of them ac at the same horizontal land . 
1$ Two people moved from the same point and at the same time The first moved in the direction of 
40* west of north at speed of 32 meter/ mm and die second moved in the directum of 70* south of 
west at speed of 38 m/min . find the distance between them alter 5 minutes to the nearest meter. 

14 from a point at ihc hmroalal level passing through a hill base a man observed the angle of 
elevation of a lull peak to find its measurement is 24*. As he ascends the hill for a distance ol 400 
meters <m a level inclined to horizontal by an angle of measurement 15*. he found the measurement 
of the angle of elevation ol the hill peak is 36* . find the height of the hill to the nearest meter. 

15 A plane (' is observed from two stations A and B at the lime it passes through the vertical level passing 
through the straight Imc A H where A B = 3000 meters to find the measurement of its angle of elevation 
Irooi A is 53* 21*. the measurement of its angle of elevation from H is 34* 20' and Ihc vertical projection 
of the plane € A B l ind the height of the plane from the ground surface u< the nearest meter 

1«» Warm* navigation: A ship sails Northeast at a uniform vek vity of a magnitude of 28 km/h A passenger 
on it watched two constant punts in the directum of 37* West of North and after 3 hours, the passenger 
found (hat one of those points wav m the direvlKW of 24* stuilh of west w uh respect to him and the other 
point was in the directum of 19* North of West with respect to him find the distance between the two 
punts to the nearest Km known lhat the iwo punls and the passenger are a( the same bm/onlal level. 
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Unit Four 


SlUMl 


Saudi (MfsKsnaas df tdbs 
atfttw*® suites 


IlRMMl'ia-S 


4-2 


Thlnli and di»cut» 


Use geogebra to graph the Iollowing lunctiono: 
y(x) = smx . y s sin (x ♦ ~), m (x) = sin (x * &) 




'u -4 d ■ 

: 

) 

* 

A 

1 

p • e 

i 


Whal do you notice fn»m youi learning lo the concept of the geometric 
transformation? 

Notice that the second limciion shown in the second giaph indudes the 
adding ol the two angles x and ^ 

and the third functuMi shown in the third graph includes the subtratmn 

IT 

oi the two angles x and , . 

As a result, it was necessary to use the rules of the trigonometric ratios 
of the sum or difference of two angles in order to find the tngonomclric 
functions ol a certain angle, for example, to find the value of sin 75*. we can 
put it in the form of sin (30* * 45*). and also cos 15* can be pul in the I tem of 
cos (60* - 45*) or cos (45* - 30‘) and so on.... 


Lnnrn 

Trigonometric functions of sum and difference of the 


measures of two angles 

From the opposite figure : <proof is mu required> 

Notice that m(^A) = m(/ZLM). Why? 



= sin A * cm B ♦ cm A x sin B 


You will learn 


* Deduce the tngonomti 
rk functions of sum and 
t S fferenc* of the meas* 


ure* of two angle* 

» Solve various applies 
tions on the tngono- 
metnc functions of sum 
and difference of the 
measures of two angles 


► Use the identities of the 
sum and difference to 
prow the correctness of 
some other dentines 


Kay farms 


» Tngonometnc function 


• Sne function 


» Cosine function 

* Tangent function 

* Trigonometric functions 
of sum of the measures 
of two angles 

* Tngonomrtnc func- 
rions or oifwrence of to 

of two jnglej 


Materials 


• Soentifc takulMo* 
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Then 


sin(A • B) ■ sin A cos B • cm A sin B 


By pulling (• B> insteadof B. wc get: 

nan | A - (• BH = sinAcos( B)*cosAsin(-B) 


sin (A - B) = sin A cos B • con A sin B 


l sc I he same figures lo prose: 


cos (A • B) = cos A cos B - sin A sin B 



sin <-\) = -sin A 
cos (-A) = cos A 
tanl-A) = * tan A 


then . we deduce lhal: 


cos (A • B) = cos A cos B • sin A sin B 


what do you nol ice? 


Example 

1 Find: 

• sin 75* b cos 15* 

^ Solution 

■ sui 75* * sin (30* • 45*) = sm30‘ cos45’ • cos 30* sni 45’ 

l.-.A.j'I, {Ll{± 
1 Si i Si iSl Si 4 

b cos 15* « cos (45* - 30*)» cos 45* cos 30* ♦ sin 45*^sui 30* 

.-L,i = i'«-ZL S i1_J ±. 
Si 2 Si 2 iSl Si 4 

we notice that: sin75* = cos 15* 

Q Try to solve 


(l) Find 

■ cos 105’ b ^ 75* cos 15* ♦ cos 75* sin 15’ 

c cos *0* cos 20* sin HO* sin 20* 

^ Example 

2 II sin A = jj where 90* < A < IHO*, cos B = -j £ 
where IHO* < B < 270* 



sia 11*0- A > * sin A 
cos 1 1 HO-AI *- eo» A 
ill lIHU+A) * * dn A 
rmllMHA I = * cos A 


lindcos(A- B), sw(A + B) 
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Trigonometric functions of sum and difference of the measures of I wo angles 


1-2 


O Solution 

*.' A € second quadrant 

VB C third quadrant 


sin A = ^ 
sin B * 


cos A 


5 


COS B * 


13 



V 

sv 


then: 


cos(A ■ B) >00* A cos B + sin A sin B 

1 3 M 13 1 \3 M 13 ' 65 

sin( A B) * sin A cos B • covA srn B 

= ( 2w^L W ^£ )( _l2 ) = ii 

*S M 13 ' 1 3 M 13 ' 65 



Try to solve 

If cos A = ^ and cos B = j * where A and B are the measurement of two acute angles . find 
without using the calculator: 


• sm (A B) 


h see (A • B) 


j) In the triangle ABC. cosA » and sin B * ^ . Find sm C w ithoul using the cakrulaloi. 

Ixampto 

Electricity: If the electhc current intensity is given by the relation : C = ' sm 165* t 
• Rewrite the previous relation using the sum of measures of two angles, 
b Find the electric current intensity after one second (without using the calculator! 

^ Solution 


C- 

C = 


^ sin 165" t 


sm (45* t ♦120*1) 


given relation 
because 165’ = ‘45 * 120* 

* sin (43* * 130’ > by substituting n >1 second 

* 

' | sin 43’ cos 120’ • cos 43’ sin 120’) using the expansion of the sum of measures 

A 

of two angles 


5 

2 


n 2 n j 1 


= r x- 


rr-\ 

2/y 


X 


{7 

ST 


8 


by simplifying 


by substituting the values of trigonometric ratios 

by multiplying both numerator and 
denominate * /T 
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H Try to tolvt 

( 4 ) II ihc electric current intensity is given by the relation C = ; cm 2X5’ I 

• Rewrite Ihc pres ious relation using the difference of measures of two angles, 
b Find the electric current intensity alter one second (w uhoui using the calculator) 


Tangent function of sum and difference of the measures of two angles 

r» v sin (A «B) sin A cm B ♦ cos A sin B 

ton (A Hi -—— --r-=— . . , - 

cos (A H) cm A cm B - sin Awn It 

By disiding the nominator and denominator by cos A cos It / 0. then: 

tan A ♦ tan B 


lan(A • B)> 


I tan A tan B 


tan A - tan B 


when putting (-B) instead of B. then: 


where A and B # 4 * I) and n e Z 


(^) Example 

3 Without using the calculator . prove that: 


■ tan 50’ = 


I «tan* 
l-t«5* 


b tan (45’-A) = 


cosA smA 
cosA • smA 


^ Solution 

■ The lelt side = tan50‘ 

* lani45* • 5*) * tan45 m * lan * = ihc right side 

I - tan45 tan5 I • tan5 


b 


The left side = tan(45* - A) 

tai>45' tanA _ I - lanA 
I «lan45* tanA * ' ,aa * 

I . 

v°*A _ cosA _ cosA - sinA 

| , . Mn ^ cosA " cosA * tiaA 
cosA 


o 


tan A = 


sin A 

cosA 


s the right side 


Q Try to sotwo 

If each of A and B are the measures of two positive acute angles where sin A = [-=, and 
sin B = |. lind the value of tan( A - B) 

& If A. B and C are the measures of the angles of a triangle where tan B = * . tan C = 7. prove 
that A = 45’ 

Ilian A * Jr and tan B * • P ffovc •hat (A+B)* 45* 
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Trigonometric functions of sum and difference of the measures of l wo angles 


Q"^) Example 

4 Find the solution set f<* each of the following equations where 0* < x < 360 * 

• tan x 4 tan 20 *• tan x tan 20* = I b sin (x *30*) = 2 cos x 

^ Solution 

• V Ian X * Uin20 * ♦ tanx tan 20* ■ I 
.Man x »Ian20‘ = I - tan x Un 20* 

—— 1,411 ; = I (By dividing the two sides of the equation by: I - tan x tan 20*) 

I - tan x taa2D 

Le.: tan (x - 20’) ■! 

X • 20 lies in the first quadrant 

lan(x ♦ 20*) = lan45* x* 20*=45* x = 25* 
tv x-20* lies in the third quadrant 

tan (x f 20*) a tan 223* x • 20* - 225* x«205* 

Solution set is (25*. 205*) 


b vsm(x ♦ 30’) = 2 cos x 

/. sin x cos 30 * cos x sin 30 *■ 2 cos x 

«TT . i 

—sin x ♦ ; cos x = 2 cos x 


ST 


sm x 


; COS X 


2 - 2 ' 

By dividing the two sides by cos x . where: cos x / 0 

. = ST i.e. lan x s ST > 0 


sin x 

cos x “2 


ST 


x lies in the First or third quadrant and 
x « 60 * or x ■ 60* ♦ 180’ ■ 240 * 


Solution set is { 60*. 240* ) 

Q Try to sotwo 

'.%) Find the solution set for each of the following equations where 0* < x < 360 * 

• sin x cos 20* - cos x sin 20 *= j b cos 2 x cos x « sin 2 x sin x = 


Al Athraaf Pooling House 


Student book - Second tern 


129 










Trigonometry 


/ 


W>- lR«rcim 4-2 

Complete: 

'i ' y sin 40* cos 10" - co* 40* sin 10* ■. 

/■x lan 75 * tan 15 * 

vC-«- 

I + Ian 75 * tan 15 * 

(3) a* 70* co* 20* • sin 70* sin 20* =. 

(4) sin (X Y) cosY - co*<X * Y) sinY *. 

® II Uin A = * . tan B = ’ . then tan (A + B) =. 


Choose the correct answer: 


> sin (0 J) = 

• | (cosd /T Mnd) 

c * (/T cosd sinid) 

( 7 ) sin75* eusl5* ♦ co*75* sml5’ equals 

• /cm b [ 

8 sin 5x sin 3x ♦ cos 5x cos 3x equals 

• co*2x b co*8 x 

lan 15* equals 

• 2+ST b -/J-2 


b i (cosd sindl 
d ; (/T cosd ♦ vT sind) 



c smM x <t sm2x 

• /I <* : 


10 It lan A = \ . tan B = ^ , then tan (A B) equals 

• 1 b .5 C 1 

6 f> 

ft cut ax - ■ 

• 2*/T b 2 * /T e * 2- /T 


d 


3 

6 


d /T-2 
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Trigonometric functions of sum and difference of the measures o( two angles 

Put in the simplest form: 

3$ coMA B)-cos<A B) ^ vmt A • B) * mi* A - B) 

$ oosAcosfA ♦ ?) ♦ sinA unf A $5 cos40‘ cosx • sw40* swx 

H If yxiu know that suiA =-jy where 180* < A< 270*, cos B ■ where 90*<B<180* 
Without using the calculator f ind the values of : 

• coMA-Bi b mix A • B> c umAB) 

If tan<0 » 45*1 = ^ , find the value of land 

18 If you know that ^ |, prove that 2smA sinB = cosA cosB 

^ 3 coMA B) 3 r 

tlitn prove that: 2tanA = cotR and if you know that lanA = *. find tan B . and then find 
lam A - Bt 

19 If A and B arc two acute angles where tan A = * . fan B = ^ , prove that A • B = 45*. 

20 If cosA « 0.6 . cosB ■ 0.8, where A and B are the measures of two acute angles. 

Find w ithoul using the calculator the value lor each ol the following: 

• suxA B> b cost A Bi e ian(A-B| 

If A and B arc two acute angles where cosA s ^ and unB = ^ . Find w ithout using the 
calculator the value lor each of the following: 

■ mix A B> b tantA B) e seel A B) d eot(A-B) 

22 If sinA sinB = ' and cosA cosB = | . where A and B arc the measures of the acute angles . 
find the value of: cos<A • Bi and oos(A • B) 

$$ If sinA = ^ w here 0* < A < 90* and tan B = - 7 where 90* < B < 180*, prove that A B= 135* 

24 If x ♦ y ♦ l = 00*. prove that tan x tan y * tan y tan t. * tan / tan x * I 

25 Creative thinking; If lanA = " where Jf < A < , tan B = | w here o < A < 

find the value lor each of: tan< A • B). coMA • B). then pmvc that A B = ^ 
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| You will learn 

» Oeduc* m« trigono 
metne functions of the 
double ingle 

» Deduce the tngono 
metTK functions of the 
haff-tngfc. 

* Solve venous sppkts- 
t«ns on the trigone 
metnc functions of the 
double -angle 

* Use the identities of the 
double angle to prove 
the correctness of other 


ef Kay 


farms 


» Tngonomebc function 
» Double • *ngtr 
*MaV-«igi* 

• Saw function 
» Coune function 
» Tangent function 


material* 


» Scientific calculator 


^ Think and discuss 

Y<*i have already learned the trigonometric functions of the sum and 
dillcrcncc of the measures of lwo angles. Nt*w, we arc going lo raise a 
question: 

Prom what you learned in the previous lesson can you deduce the 
trigonometric functions of the double-angle A if A is the measurement 
of a given angle? 

Discuss w ith your instructors the answers you reached 



The trigonometric functions of the double • angle 

You know that 

sinlABi = sin A cos B • cos A sin B 

(by putting B = A) 

sin (A ♦ A) = sin A cos A * cos A sin A 


sin 2 A = 2sin A cos A for each A € R 
Similarly: 

X —.—...— ..- ■ 

cos 2 A= cos 2 A • sin 2 A 
for each A t K 

= 2 cos 2 A - I 
■ I - 2 sin 2 A 
2 tan A 

tan 2 A = j A where tan A is 
defined, tan 2 A / 1 


II) 



The basic 


relations among 
the trigonometric 
functions: 
sin 2 t ♦ cos 2 C « I 

tan 1 C ♦ I * see 2 C 


Verbal expression: 

I* Write the form of the previous rules if wc double 
the angle 2A to be 4A 

^ *** m * 1 * Trigonometric identities of 
the double -angle 

l If you know sin A * * where 0* < A < dO* , 
find the value for cacti of the following without 
using the calculator 

• sin 2A b cos 2A c 


cof 2 C ♦ I *ctc 2 C 


c * cC -sic 

" cC -^r 

l.nC.«£ 

cosC 

col C -—L 
lanC. 


tan C 


eoiC 


tan 2A 


132 


Pure maihcmatitN - Second form Komdin - Sctcncc-avctton 


2010 - 2020 
































The Trigonometric Functions of the Double-Angle 


4-3 


^ Solution 

V sin A = | 


cos A = 
* wn2 A 
b cos2C 


1 

5 


V A lies in the first quadrant 
(positive because A b an acute angle) 
= 2 sin A cos A = 2 * ^ 

« I • 2 sin : As|.2 *^s^ 



(you can use the other forms of the cosine rule of the double-angle! 

c tan2 A * ” n2A e ^ . ili 

«*2a 25 '25' 7 


cm2 A 

Q Try to ftotvo 

3' If cos A = . tt* < A < W*, find the values for each of ihc following without using the 

calculator: 

• sin 2A b cos 2A e tan 2A 

^ j r |g 0 nom# t r j c identities of the double-angle 

2 hind the value for each of the following without using the calculator,: 

• 2 sin 15* on 15 b 2cos J 22* 3fK -1 

^ Solution 

• 2 sin 15* cos 15* * sin 2 * 15* * sin 30*« -A- 

b 2 cos*' 22* 30'-1 = cos (2 * 22* W) = cos 45* = -J= 

„ Si 

Li Try to solve 

X hind the value fur each of the following, without using the calculator: 


• 2 sin 22* 30' cos 22* 3(f b 2 cm 2 75* - I 


e cos : 67 J* - sm : 67.5* 


2lan 22* 30' 


W 165*-1 


I - lair 22* 30r v,o75\-m75* 

The trigonometric functions of the half-angle 




You have previously learned that: cos A = I - 2 sin : A t identity of double-angle) 


l.e.: 2 siir A = | - cos A 
Mn ; A _ 1 am A 


(from the properties of algebraic expressions! 

(Bv dividing the two sides by 2) 
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\ 


Trigonometry 


tin 'V • ± J — - and similarly, the tnifi monx-trx factions can be Nmrvl foe each of co* ^ and can 



^ rn,m < ,,r Trigonometric identities of half-angle 

3 Find the value for eac h of the following Without using the calculator: 

• sin 0 know n that. sin 0 - - |, 180 *< 9 < 270* b cos 75 ’ 
c tan 22* 30* 

O Solution 

• V Mn ^ = ± J 1 ~ *"6 



... m jl. ± ni?i . ±f L 

sm ^=±^_ = ± «yr 

2 /y 3 

V iwr < e < 270* by dividing by 2. then 90* < -£- < 135* 

V sin ^ = * SJ (the sign is positive because it lies in the second quadrant) 


b cos 75* * eos-^- 


(because 75’ * ) 


s (0 < 75* < 90*) lies in the first quadrant so the value is positive 

by multiplying numenator and denominator < 2 
by simplifying 


V2-/T 


jr7f 

2 * 2 * 2 

l£Jj> . /* VT 

2/F 4 


c tan 22* 30’» tan (because 22.5*» ) 

I I • i'llsit* 

* * ~\ coU^ ® ^ <22_5*< 90*) it lies in the first quadrant so the »alue is positive 


‘—4=- by multiplying by the conjugate of 

I denominator (2 - /T) 
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The Trigonometric Functions of the Double-Angle 



W3-2/T = v r 2-2 vT - I = V </T - I ) 2 =/y -1 

[1 Try to ootvo 

(j) Find the value for each of the following without using the calculator 
■ cm 4 •»•*»•" »hat sm0 = -4 I8O*<0 <270* 

b cm 22* 30' e tan 15*. 


^ * JI " m * > ** Proving the correctness of a trigonometric identity 

4 Prove the correctness of the identity: csc2 x cot 2 x = cot * . then use the previous identity 


Ur find the value of cot IS*. 


^ Solution 


The left side 


| cm2* 
sin 2* sin 2* 

_ I «(2 corx-l) 
2 sin v cos x 


1 ■ cm2x 
sin 2 x 
2 cos *x 

2 sin x cmx 


—— = cot x (the right side! 
sin x * 


By putting X,* 15* in the identity: esc 2 x ♦ cot 2 x = cot x 
cot 15’ = esc 30* ♦ cot 30 ’= 2 • /T 


(4) 


Try to ootvo 

Prove that: cos 2 x * 


I - tairx 
I ' tan's 


then find the value of 


I tan : 15* 
1 ♦ Ian* 15* 


^ tnampfe pj nc jj n g value of a trigonometric ratio 

S If 4 cm 2 C • 3 sin 2 C ■ 0. find without using the cakrulator the value of tan C. where C 
is the measurement of a positive acute angle. 


^ Solution 

V 4 cm 2 C * 3 sin 2 C * 0 


4 cos 2 C = *3 sw 2 C 


. »ia 2 C _ A. 

** cos 2(* " -3 

. laa.ll. 4 

*‘i i» : r = 3 

2tan : C -3 tan : C • 2 =0 
<2lanC ♦ iMtanC - 2) = 0 


/. tan 2 C = ^ 

fttan C = -4 • 4 tan* C 


tan C = - J ( refused ) or tan C = 2 


Think: Use the ingmuimelric functions of hall-angle to find the value of tan C. 
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Trigonometry 


H Try to oolwo 

& If 4 an E « 3 cos E * 3 . prove w ithoul using ihc calculator that lan *, * ^ Where E is the 
measure mem of a positive acute angle. 

B *** npl * Solving the trigonometric equations 

6 Find the values of x included between 0 and 2 71 which satisly the following equations: 


• sin 2 x = sin x b cos* x - sin* x 

O Solution 

* V sin 2 x * sin x 

2 sin x cos x ■ stn x 
(because: sinlt = 2 sin x cos x) 
sin x (2oo* x - I) = 0 


\ c tan : y r 2 tan ' = 1 


sin x = 0 
x = ff 

’ values of x which satisfy 
the equation are 

f . n or 


«m = j 

it 

x = " or x = 


- iff 


; Do you have other solutions? Find one of 
them 

e V tan 2 ^ ♦ 2 tan * * I 
2 tan 4 - I * t 


2 lan * 
-*—= 1 


tan x = I 


I - tan 


,2 X 


k 2 2 I 

b cm x - sin x = • * 

a * 

con 2x * - ^ 

(because: cos2x = cm* x - sin* x) 
either cos 2r = cos (2 n/Tl 

or cos x = cos ( • 2iUT l 

where n ty 

2 x = 2ff » 2 iUT 


2x = M *2iUT 
By disiding by (2l 

x= ■* X n 

by putting n= 0.1 i 

x« JL , x= M 

3 3 

x =2&, x =te 

1 3 


x = - n 71 


the values of X which satisfy the equation 
are: 


H 2& , iff 

3 3 3 


iff 

3 


v 7 / 


i positive tangent in both the firsl and third 

quadrants) 

in the first quadrant: r« -f 

in the third quadrant: x = AT + — = — 

4 4 

the values of x which salbfv the equation are — or 

4 4 

Try to Mtn 

Find the values of x included between 0 and 2 71 which satisfy the equation cm x - cm 2x = 0 
Geometry: X YZ is a triangle in which x = 12cm. y = 18cm. /. = 15cm. prove that m<Z Y) = 2 

m(Z X). 


136 


Pure mathematics - Second form tcciHidin - Sdcticc-wdinn 


2010 - 2020 











The Trigonometric Functions of the Double-Angle 


Exercises 4 • 3 ~w> 


Choose the correct answer: 

0 If cos C = ' . then co* 2 C equals 



• 0 

b 

2 

c 

d 

2 



3 

9 


3 

V 

vV 

sin A cos A equals 







• * sm 2A 

b 

sin 2A 

c cos 2A 

d 

J cos 2A 

V 

V*/ 

cos 2 C - cos 2 C equals 







• sinC 

b 

cosC 

c sin 2 C 

d 

tan C 

v 

1 • 2 sin 2 50 equals 







• sin 100* 

b 

cos 50* 

e cuslOO* 

d 

sin 50* 

v 

v*/ 

1 ♦ cos 4A equals 







• 2 cos 2 4A 

b 

cos 2 2A 

c cos4 *iA 

d 

2cos : 2A 


Find without using the calculator the values of: sin 20. co* 2 0. tan 20 if: 

* sin 0 = 0* < 0 < 90* b coa0 = J.0* < 0< -f- 

c cac0 * y* 71 <6 < ^ <t cut 0 * 4 IDO’ < 0 <270* 

(7) Find without using the calculator the values of: sin 20 . cos 2 0. sin ,cos 

* cos0 * J.O*<0<9O* b sin0 * j[.90* <0<I8O* 

e tan0 = * 71 < 0< ^ b sm0 = {* ^ < 0 <2* 

• ’ If you know that cos A = , where A i* measurement of a positive acute angle. Find 

w ithout usuig the calculator the value of: 

sin 2A. cos 2A. tan 2A. co* 4 

[ 9 ) II A is the measurement of an acute angle and cos 2A = ,w ithout using the cakrulalor. 
find the value of: sin A. cos A» lan2A 

til If sin t * i • without using the calculator, find the value of: co* 4 . *m A. cosA 
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3 V If co» B = . .1 < B < ~ . mi (hi Hit using (he calculator, rind the value of ■ — 

J • * * CO% ml 


211 


J 4 Express each of (he following in the form of an only tngimomclnc ratio: 

lan 40* 


• sm 35* cos 35* 

lan 50* lan 40* 

I ' lan 50* Un 40* 


I - tan* 40 
• cos : 25 - sin 1 25 * 


c sin 25* cos 35* - cos25* sm35* 

I -COS0- MI10 


I Mil© 


11 Find the values of X included between 0 * and IX which satisfy each of the following 
equation: 

• sin 2 x s sin x b sin 1 2x * 2 sin 2 x * I * 0 c cos x • 2 stn : \ x= 0 


14 Prove the correctness for each of the following identities: 


I cm 2A sur A 


col© • I 


cm2© 


3 * cos 2A ~ I ♦ co* 2 A* col © • I I ♦ sui 2© 

IS Mechanics: A football player kM.k.ed the ball by an angle of measurement 30* with the 

ground surface with initial velocity of a magnitude of 14.7 nvsec. If the horizontal distance 
S which the ball covers is given by ihe relation : S = where g is the free fall 

acceleration and equals 0.8 nvscc2 and V 0 represents the initial velocity. 

First: put the previous relation in the simplest lorm 

Second: Find the horunMal distance D which the ball covers in meters. 

'sS #Ae * Mty 


Using the graphical calculator 


It* Use the graphical calculator or a graphical program of a computer or a tablet to graph the 
curve of the function f where : 


f(x) = sin © cos cos 0 sin where: -IX < © < 2 X 
4 4 


• Can you deduce the function F from its graphical rcpiesentatuHt ? Explain 


b Prove the correctness of the deduced function from the giaph using the rules. 
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Unit Four 


inJaMa's BsraiMiIk 


4-4 


Historical introduction: 

Heron lived in Alexandria B C He credited the heron s formula to find 
the surface area of the triangle in terms of its side lengths. There is a 
thought that this formula is known before Heron but it is credited for 
him because it is found in a part of his factor)' called Metrica. This part 
included several geometric knowledge in plane geometry, solids, areas 
and so on. 

Finding th* surface area of the triangle in terms of its 
side lengths 

Let a. b and c be the side lengths of the triangle ABC where: 
a ♦ b ♦ c * 2P (where P is hall the mangle perimeter) 


You will learn 


» timing the surface area 


of the triangle n terms 
of Hi side lengths. 

» Finding the radius 
length of the eisoibed 
cede of a mangle 
touctwtg Its udet 


Key teems 

» Heron formula 



Front the cosine rule. *r knots that: 


cos C = 


2 ah 


and from pythugoras' identity: sin C i 
( 2 ) 


(I) 

J 1 <w ! C 


(Notice that: 0* < C < 180* then sin C > 0) 

By substituting from 111 and (2), then: 

sin C = j _-(*•-!»•- c*>*_ by unifying the denominators 

r flV 

sinC ---- J <2ab * (a 2 • b 2 — (lab-fa 2 ♦ tr-cS 

2 ab 

factorizing the difference between two squares 

«—!—J |<a*b>’-c*||c > -<a-b)’| 

2 ab 

putting the expression in the form of a perfect square 

= * . J (a »b »c )(b ♦ c-a)(a» c-b)(a • t>-c) 

2ab 

By faelorizing as a difference between two squares 

= — * ■ — J 2P(a<h c-2aHa ♦ b ♦c-2b)(a*b *c-2c) 

2ab 


Materials 


* Scent Ac cakuUtof 


>li 
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1 

v 

2p(2p-2a)(2p-2b)(2p-2c) 

2 ah 


1 

v 

I6p(p- a)( p - b)( p -c) 

2 ah 



= / « . J |Xp- •> <p-b)<p-C) (.3) 

2abl 

Bui: a(A A BC)s | ab sinC (4> 


By substituting from |J>| in (4) a <A A B C) = J p(p a Xp b)(b e) 
l.e: the surface area of the mangle whose side lengths are a. b and c is: 

A* V pip- a) (p- b) (p - c) where P is half of the triangle perimeter 

Important note : ( proof is not required) 

Activity (1) 

Log in internet to prove the correctness of Heron's formula. 

Example 

1 Find the surface area of the triangle whose side lengths are 6. X and 10 centimetres using 
Heron's formula 

^ Solution 

V 2P*6*8« IO = 24cm P=l2cm 

P - a= 12-6 = ftem , p - b = 12-8 = 4 cm , p - c= 12 - 10 = 2 cm 

.‘.Area of As J pip- aKp-aMp-c) 

* *12»6 » 4 x 2 ■ 24 cm * 1 

Critical thinking: Can you lind another way to find the surface area of the triangle in the 
example above? Explain. 

Q Try to ftolvo 

X Find the surface aiea of the mangle A B C in which 
a= 5cm . b = 12 cm. c = 13cm using Herat's formula 

Activity (2) 

Finding the radius length of the inscribed circle of a 
triangle touching its sides. 

(l) Tell the relation between AA B C and the triangles M AB . 

MBC and M AC. 
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Heron's Formula I 4 “ 4 


1 Can you find a relation between the radius length r and the surf ace area of triangle ABC? 
We can deduce that: a (A A B C ) = [ at • i b * r • * c r 

J p<p • altp - bMp *c) » r » P 

i p(p • *Kp bKp <) ai Aa R O 

1C. r a --- a - 

P P 

Example 

2 Use the relation above to find the radius length of the circle interiorly touching the sides of 
the triangle AB C whose side lengths arc 7. St and 14 centimeters to the nearest decimal. 

^ Solution 


V 2 P = 7 < 9 • 14 = 30 cm P = 15 cm . p - a = Item , p - b = 6cm . p - c = I cm 


By substituting in the relation abote: 

; OP MpVHp-o _ 

" r " is - 



cm 


Critical thinking: What do you expect if: p • a or p * b or p • c is negative or equals 
mo? Explain. 

(^) Example 

3 Find the aiea of the following tnangkv 

• A mangle of side lengths 7.9 and 12 centimeters. 

b A mangle of two-side lengths 24 and 4(tcm and the included angle of measurement 30*. 
c Is the mangle whose side lengths arc 12.14 and 30 existed? find its area if possible 

^ Solution 


• V 2 P * 28 cm p = 14 cm, p - a= 7cm, p - b= 5cm , 

P - c ■ 2cm 

By applying Heron's formula: 

Area of the mangle = » 14*7*5*2 = 14 /T enr 

b Area of the mangle * ^ * 24 ■ 40 • sin 30 

= i x 24 *40 >4 = 240 cm : 

e 2P = 56cm P = 2Jicm, p<asidc 

ihcnr i % no triangle lo find its area 



The mrfacr arm of 
a triangftr in term of 
too ddr lengths and 
the included angle. 

Arm of triangle = 

\ product of Us two 

£ 

sides < cosine of the 
incvuocfi an^ir 
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—\ ^ Trigonometry _ j -- 

Think; Can you use another way to prose that there is no tnangle to be drawn ? Explain. 

Q Try to *o»v* 

(j) Find the area of the following triangles: 

• A tnangle of side lengths 6.6 and H centimeters. 

b The tnangle whose side lengths arc 24. 36 and 60 centimeters Find its surface area if 
possible 

c A tnangle of side lengths 10.24 and 26 centimeters 


^ Cxamph 

Geometry 

4 The opposite ligurc illustrates a quadrilateral ptccc of 
Land . find Us area. 

O Solution 

Draw B D 

in triangle A B D which is nght angled at A 
<BD> : = (AB) : * (AD) ! Pythagoras thromn 
= 100 + 576 = 676 . . BD = 26m 

a(AABD) s ' AB«AD = | x 10 « 24 = 120 m* 
ui triangle B C D: 

V2P =20*34 + 26 = 80 .\l» = 40m 

a(ABCD) =» f 40* 20*6* 14 = 40 v42 m : 

Area of the piece of land = area of A A B D area of A B C D 
= 120 + 40 =40(3+ V55)m : 

Q Try to to tv* 

4y The opposite figure illustrate a piece of land of 
dimensions shown in the figure. 

Find its area. 

D 
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Heron's Formula I 4 - 4 


9lZ IxcrciM* 4*4 ~w> 

Complete: 

:0 The surface area of ihe equilateral tnanglc whiwc side length is 6cm equals 

2 The surlacc area of the isosceles tnanglc which one of ils side length is I Ocm and the 
measurement of one of its base angles is 45* equals... 

X The surface area of the tnanglc whose side lengths are 3.4 and 5 centimeters equals. 

4 The surface area of the triangle whose two side lengths are 6 and 8 centimeters and the 
measurement of the angle included between them is 30 ’ equals... 

f ind the surface area of the triangle A B C in each of the following cases: 

X “ = 15cm . b = 12cm, c = 9 cm X b = 16cm, c = 20 cm. mi/_ A) * 60* 

X a ■ 16cm . b= 18cm. c ■ 24 cm 8 as 32cm. b ■ 36 , c ■ 30 cm 

Choose the correct answer: 

X The surface area of the tnanglc whose side lengths are 6cm . Kcm and I Ocm in cm : is: 
a 24 b 30 e 40 d 48 

A 

10 In the opposite figure : surface area of A A B C equals cm : 

• 20 b 4/T 

e 2SJ d 10 

t 

1V If the pcnmelcr of a tnanglc is 60 cm and the length of one side is 26cm . then the lengths 
of the other two sides in centimeter can be: 

■ 4.30 b 31.3 e 20.14 d 2.32 

Find the surface area for each of the following figures using the giten data shown: 
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_d 

8 m 



18 Find ihc surface area of the quadrilateral A B C D in which B) = 90*. A B = 5cm . B C 
* 12cm . A D = C D * 13cm. 

is Find the surface area of the triangle A B C in which: 

• asKcm ,b= llcm ,c= 13 cm 
b a = 12cm.b = 17cm .c*23cm 

c a = 40 cm . b = 24cm. c = 32 cm 

d a * llcm.b»8cm.cs6cm 

20 Yards: A triangular yard at which the ratio among Us side lengths is 7:5:3. If the perimeter 
of the yard is 300 meters . f ind its surface area . 


Activity 



IS m 
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Unit summary 


Unit summary 


1 


2 


3 


Angle of elevation: if il is supposed that there is an observer at 
point A and looks at a body at point C above the eye sight level, 
then the angle included between the horizontal ray and the ray 
AC connecting between the observer's eye and the observed 
body is called the angle of elevation of the observed body C 
wrth respect to point A 



Angle of depression: if it is supposed that there is an observer 
at point A and looks at a body at point C down the eye sight 
level, then the angle included between the horizontal ray 
AH and the ray AC connecting between the observer's 
eye and the observed body is called the angle of depression 
of the observed body C with respect to point A. 



observer's 


observed body 


The measurement of the angle of depression C w ith respect to A equals the measurement of 
the angle of elevation A with respect to C 


4 The trigonometric functions of the sum and difference of the 
measures of two angles: 

> If A and B arc the measures of two angles, then: 
sin (A1 B) = sin A cos B ± cos A sin B 
cos (C ± B) * cos A os B T sui A sin B 


B 



Uin (A1 B> = >MAttanB . where A * 4 <2K*I).B# 4 (2K ♦ l| .tanAtan B * 
I TbmAtanH 

±1 KeZ 

5 The trigonometric functions of douMe -angle: 

sin 2A = 2 sin A cos A For each A e R 

cos 2 A = cos 2 A - sin- A 

= 2 cos J A - I *1-2 sin 2 A For each A e R 

tan 2 A a . where tan A is defined and lan : A / 0 we can deduce that: 

I - tan* A 

sin A a 2 sin 4 co * 4 

11 A 

cos A ■ cos 2 4 * * * 2 cos 2 -£-1*1-2 sin 2 4 tan A = " ljn 2 

l-lan 2 4 

6 The surface area of a triangle in terms of two side lengths and the included angle = \ 
product of its two sides - cosine of the included angle . 

7 If a. b and c are the side lengths of a mangle whose perimeter is 2P then: 

Surface area of the triangle = J ptp - axp - b«p - c) 
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Accumulative test 


First: Multi - choice questions 

vC Choose the correct answer 

sin 3x cos 2 x + cos 3 * sin 2x equals 

(1)cos5x <2i sin 5x (31 sin x (41 cos x 

2 In the mangle A B C il a= Scm. (hen b equals 

(1) *!!L* (21 (3) <41? MIC 

sin B sui A sin C sin B 

(l) The triangle A B C in w hich a: b: c = 3: 2: 2, then con a equals 

«•{ «'•{ «{ w-J 

^4' In the triangle A B C il a = I Scm , b = 25cm. c = 35cm. then the measurement of the largest 
angle in the mangle equals 

(1)90* (2140* (11120* (41150* 


Second: short answered questions: 

s' find the radius length of the eirvumcircle of the triangle A B C in which m(^A) = 30*. a = 10cm. 
S In the triangle A B C if 2 sin A = 3 sin B « 4 sin C. find a: b: c 

j] Find the measurement of the largest angle in the mangle A B C in w hich a = (Scm . b = 14cm. 
c ■ Idem 

8 II tan A = * , lan U - ’ find Ian (A ♦ B) 

Find the value of tan 15* without using the calculator. 

10 If sin As find the value of cos 2 A 

Third: long - answered questions 

J V Solve the triangle in which m (Z_\) *2 m B)« 86’, c * ‘Am 
The mangle X Y Z in which x= 9.4cm. y = 15 6cm. m (Z_Z) = 54* 
find Z to the nearest decimal and the area of the cuvumcirvlc of the mangle. 

Find the measurement of the smallest angle in the mangle A B C in which a= 13cm . b = 
14cm .c = 15cm. then find Us surface area. 
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14 A pilot observed a ground target to find the measure of its angle of depression is 45* and 
when he flew down for a distance of 2km vertically, he found the measure of the angle of 
depression of the target was .10*. Find the height of the plane at the beginning of observation 
to the nearest kilometer . 

15 Find the surface area of the isosceles mangle w hose perimeter is 30cm and the length of one 
of its sides is 12cm. 

16 Find the surface area of a triangle like piece of land whose perimeter is IMOm and the ratio 
betw een its side lengths is 2: 3:4 to the nearest meter. 



For more exercises, please visit the website of Ministry of Education 
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Please visit the follow ing links 
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General tests 


First: tests of algebra 

Exam 1 


Algebra 


Answer the following questions 
Question I: Choose the correct answer : 

CO IfL-S-li— = 30l_!L_L.. then the value n is 

• 5 b 6 e 29 d 30 

~ . . 15 , 

.2, The value ot the senes £ ( r * r ♦ I) is: 

r = I 

a 1375 b 3720 c 1444)0 d 2232000 

CO The number of the terms of the arithmetic sequence (7, II. 15..... 271) ts: 

• 34 b 67 c 16V d 9313 

CO If x > 0. then the common ratio of the geometric sequence (4. x - 3.2x - 6....) is: 
a | 6 5 c 3 d 24 

Question 2: 

(l) If 'P r * 2 - ' P r , find the value of r. 

CO Find the order id the lira negative term id the terms id the sequence (152 - 9ni, then lind 
the greatest sum can be got from the terms of Uus sequence . 

Question 3: 

CO How many different three-digit even numbers can be formed from the set of the numbers 

<2,3.4.5.7}? 

CO Find the geometric sequence whose terms are positive, the sum of the first three terms 
equals 14 and its first term is greater than its second term by 4. then lind the sum of infinite 
number of its terms starting from its find term 

Question 4: 

Cl Find the geometric sequence whose sum of its first three terms equals ^ and its second term 
equals ^ . then find its tenth term 

CO A 25 - row theatre: the first row contains 20 seats, the second row contains 22 seals and the 
third row contains 24 scats and so on.... Find the number of seals in all the theatre rows. 
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General tests 


(Juolion 5: 

1 IfN-^C,* 190. a ' 2B p 3 *60, find (he value of n and m. 

2 An arithmetic sequence whose sum ol its first and last terms is 26 and the sum ol its terms 
is 468. find the number of its terms If its tenth term equals 47. find this sequence. 


Exam 2 


Algebra 


Answer the following questions! 

Goes lion I: Choose the correct answer: 

(l) The number of ordered pairs (a . b) which can be formed hum the elements of the set 


{1.2.3} where a / b 


b 3 


d q 


• 2 


e 6 


\2) The n ,h term of the sequence (2.2. * .4 ,...>is 
• (nl) b 2*-I 


c 2* 1 


II 


X The sum of the first 25 terms of the terms of the sequence < 3 - 2*) is 


d -600 


b «k> 


c -575 


• 650 


X If (x . y. i„..) are geometrically scquenct. then: 

• 2y < x byi>** c y = x / 



Guest Ion 2: 

vO If * C ^ * 25 C j^.,, hnd the value of r 

(l) Find the number of terms that can be taken fn>m the terms of the sequence 
(-43 , *36 . -29 ,...) starting from its first icrm to get a sum of 221. 

Goes I Ion 3: 

;0 A university student learns different eight subjects and he cannot join the next grade till he 
succeeds in six subjects at least. How many ways can the student join the next grade? 

X A geometric sequence in which the sum of an infinite number of its terms starting from 
its first term equals 108 and its first term is greater than its second term by 12. Find the 
sequence and the sum of its first seven terms. 
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General tests 


J 


Question 4: 

j' Find the sum of the odd urdeted terms of ihc arithmetic sequence (2.5,8 ..... I 10) 

'2, An agricultural crops storing company has seven warehouses to store the wheat so that 
the first warehouse holds 270 tons and each warehouse after that can hold two thud of the 
amount of the directly prcvaius warehouse. Can the company store HIM) tons of wheat ? What 
is the greatest amount of wheal the company can store in its warehouses to the nearest ton? 

Question 5: 

CO If ***’ 7 = 120 find the value of • C . 

2 Insert 28 arithmetic means between 4 and 91. then find the sum of the terms of the arithmetic 
sequence resulted 

Exam 3 calculus & trigonometry 

Answer the following questions. 

Question I: choose the correct answer: 

1/ If y s sin 2 x then when x = ^ equals 

■ 2 b | cl d /J 

y2y If cos 0 == , then cos 2 0 = 

a ^ b i c -J- d /T 

® /( 2 x * 

• }(2x*3)»*C b ± ( 2 x* 3) 5 C « jL <2x«3)>*C a lOflxO^C 

4 The average rate of change of the function f where f(x) ■ x : w hen \ varies from 3 to 3.1 
equals. 

• 0.61 b 6.1 c 9 d 9.61 

Question 2: 

CO Find the first derivative if: y = x* sin 2 x 

Cly Without using the calculator, prove that *** _ = tan x 

I • era 2x 

Question 3: 

' | ^ 

0 Find the slope of the tangent to the curve of the function f whet f(x)« - ^ - when x = I 
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X Find: 

• /(x 2 *2x)dx b /(snu cosx) 2 da 


Question 4: 


CO Find ihc punt is) lying on the curve of ihe I unction: y = —— at which the tangent is parallel 
lo the straight lute x * y * zero. 


2 From a house top of 2S meters high, the measurement ol the angle of elevation o! a lower 
lop was 70' and the measurement of the angle of depression of the lower base was 30’. 
Find the height of the tower known that the bases of the house and tower are at the same 
hon/onlul level. 


Question 5: 

CO If ‘he I unction f where 

ffx) = 


x 2 -2 for each x < 2 
2 a x • 3 b for each x > 2 


Find -jJ- if y * (/' - z 2 ). * * 2x * I when x * -I 


Exam 4 


calculus & trigonometry 


Answer the following questions! 

Question I: choose the eorreet answer: 

CO The slope of the tangent lo the curve of the function I where f(x) = 3x 2 2x-l when x = 2 
equlas 


• 4 


b x 


e 17 


/VS 


v 2 y sin A cos B • cos A sin B = 

• sm(A*B> b cos(A'B) e sin(A-B) 


x 

• x*3 


b ± x 2 ♦ 3 X * C c x 2 ♦ 3 x »C 


4) —— (sin x cos x) = 
dx 

• sin x 


b cos x 


e [ cos 2x 


d |4 

d cos ( A B ) 

d 

x 2 

d cos 2x 


Question 2: 

CO If y * fix) where y« x 2 - a x. find the sf»pc of the tangent to the cune of the function f at point 
(3.0) ly ing on it. 
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General tests 
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\ 

Q If see A = ^ and esc B = where A and B arc ihc measurements of two acute angles . hnd 
sec (A - B). 


Question 3: 

I w here 

= 2 

4*-l . \<2 

Q J - "**! f(l - cos x) 2 d X 


30 Discuss the differentiability of the funciion 

x> 2 


f(x) = 


j 

x* 


when x 


Question 4: 

(1 A ship sailed from a certain point in the directum of 60‘ north of the west at velocity 2b km/h 
and at the same lime and place, another ship sailed in the directum of the East at velocity 13 

km/h. Find the distance between the two ships after 3 hours. 

^ II y = *3 and / = (x -l)\ find the value of when x = 2 

d x 

Question 5: ^ 

(l) If y = ( ~ J ~) .find-il- when x *1 

' 2 ' Find the tangent equation to the curve of y = 2x sin x cos x when x = JT 


152 


Pure mathematic* - Sccund form KOHidtn - Sdcncc-uxiiiHi 


2019 • 2020 










http://elearning.moe.gov.eg 



:(j lirill CJIDdIqJI 


tt/t/tv 


••>,»* *n 

,*-(AT*OV) 1 

A 


Vl _ 3J\jJLJu 

J»i*t 


^-^'2—* 

U»J*‘ 





Vi- 

A*2)S |«^ T*» 


-ill j J5 



: jWlj ^ou-i' x* 










